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In this paper, we first give a sufficient condition for a sequence of
polynomials to have alternatingly increasing property, and then
we present a systematic study of excedance-type polynomials of
permutations and derangements, signed or not, colored or not.
Let p ∈ [0, 1] and q ∈ [0, 1] be two given real numbers. We
prove that the cyc q-Eulerian polynomials of permutations are
bi-γ -positive, and the fix and cyc (p, q)-Eulerian polynomials
of permutations are alternatingly increasing, where fix and
cyc are respectively the fixed point and cycle statistics. When
q = 1/2, we present a combinatorial interpretation of the
bi-γ -coefficients of the cyc q-Eulerian polynomials. We then
study excedance and flag excedance statistics of signed per-
mutations and colored permutations. We establish relationships
between the fix and cyc (p, q)-Eulerian polynomials and some
multivariate excedance-type polynomials. In particular, we
present a relationship between derangement polynomials of
finite Coxeter groups of types A and D. Our results unify and
generalize a variety of recent results. Moreover, one can see
that the fix and cyc (p, q)-Eulerian polynomials of permutations
contain a great deal of information about permutations and
colored permutations.
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1. Introduction

Unimodal polynomials occur naturally in combinatorics, algebra, geometry and analysis. The
eader is referred to [3,31,32,37,39,40,42,47,55] for recent progress on this subject. As pointed out by
renti [12], to prove the unimodality of a polynomial can sometimes be a very difficult task requiring
he use of intricate combinatorial constructions or of refined mathematical tools. This paper is
otivated by empirical evidence which suggests that some multivariate Eulerian polynomials (with

he specialization of some variables) are unimodal with modes in the middle.
Let f (x) =

∑n
i=0 fix

i be a polynomial with real coefficients. We say that f (x) is unimodal if

f0 ⩽ f1 ⩽ · · · ⩽ fk ⩾ fk+1 ⩾ · · · ⩾ fn

for some k, where the index k is called the mode of f (x). If f (x) is symmetric with the center of
symmetry ⌊n/2⌋, i.e., fi = fn−i for all indices 0 ⩽ i ⩽ n, then it can be expanded as

f (x) =

⌊n/2⌋∑
k=0

γkxk(1 + x)n−2k.

Following Gal [27], the polynomial f (x) is γ -positive if γk ⩾ 0 for all 0 ⩽ k ⩽ ⌊n/2⌋, and the sequence
γk}

⌊n/2⌋
k=0 is called the γ -vector of f (x). Clearly, γ -positivity implies symmetry and unimodality. We

ay that the polynomial f (x) is spiral if

fn ⩽ f0 ⩽ fn−1 ⩽ f1 ⩽ · · · ⩽ f⌊n/2⌋.

ollowing [49, Definition 2.9], the polynomial f (x) is alternatingly increasing if

f0 ⩽ fn ⩽ f1 ⩽ fn−1 ⩽ · · · ⩽ f⌊(n+1)/2⌋.

If f (x) is spiral and deg f (x) = n, then xnf (1/x) is alternatingly increasing, and vice versa.
learly, spiral property and alternatingly increasing property are stronger than unimodality. The
lternatingly increasing property first appeared in the work of Beck–Stapledon [7]. Recently, Beck–
ochemko–McCullough [6] and Solus [53] studied the alternatingly increasing property of several
∗-polynomials as well as some refined Eulerian polynomials.
We now recall an elementary result.

roposition 1.1 ([7,10]). Let f (x) be a polynomial of degree n. There is a unique symmetric decompo-
ition f (x) = a(x) + xb(x), where

a(x) =
f (x) − xn+1f (1/x)

1 − x
, b(x) =

xnf (1/x) − f (x)
1 − x

. (1)

When f (0) ̸= 0, we have deg a(x) = n and deg b(x) ⩽ n − 1.

We call the ordered pair of polynomials (a(x), b(x)) the symmetric decomposition of f (x), since
a(x) and b(x) are both symmetric polynomials.

Definition 1.2. Let (a(x), b(x)) be the symmetric decomposition of a polynomial f (x). We say that
f (x) is bi-γ -positive if a(x) and b(x) are both γ -positive. The γ -coefficients of a(x) and b(x) are called
the bi-γ -coefficients of f (x).

Brändén–Solus [10] pointed out that the polynomial f (x) is alternatingly increasing if and only
if the pair of polynomials in its symmetric decomposition are both unimodal and have only non-
negative coefficients. Therefore, bi-γ -positivity is stronger than alternatingly increasing property. In
Section 2, we discuss the relationship between bi-γ -positivity and alternatingly increasing property.
One of the main results is Theorem 2.4, which provides a sufficient condition for a bivariate
polynomial to have alternatingly increasing property.

Let [n] = {1, 2, . . . , n}. Let Sn be the set of permutations on [n]. For π = π (1) · · · π (n) ∈ Sn, we

say that i is a descent (resp. excedance, drop, fixed point) if π (i) > π (i + 1) (resp. π (i) > i, π (i) <

2
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i, π (i) = i). Let des (π ), exc (π ), drop (π ), fix (π ) and cyc (π ) be the numbers of descents, excedances,
rops, fixed points and cycles of π , respectively. Clearly,

exc (π ) + drop (π ) + fix (π ) = n.

t is well known that descents, excedances and drops are equidistributed over Sn, and their common
numerative polynomial is the classical Eulerian polynomial (see [52, A008292]):

An(x) =

∑
π∈Sn

xdes (π )
=

∑
π∈Sn

xexc (π )
=

∑
π∈Sn

xdrop (π ).

The (p, q)-Eulerian polynomials An(x, p, q) are defined by

An(x, p, q) =

∑
π∈Sn

xexc (π )pfix (π )qcyc (π ). (2)

n this paper, one can see that the (p, q)-Eulerian polynomials An(x, p, q) contain a great deal of
nformation about permutations and colored permutations. One can obtain Eulerian polynomials of
ypes A and B, q-derangement polynomials of types A and B, 1/k-Eulerian polynomials and r-colored
ulerian polynomials from the (p, q)-Eulerian polynomials by special parametrizations.
In Section 3, as an application of Theorem 2.4, we study the alternatingly increasing property of

n(x, p, q). In Section 4, we first give a combinatorial interpretation of the symmetric decomposition
f the 1/k-Eulerian polynomials knAn(x, 1, 1/k), and then we present a combinatorial interpretation
f the bi-γ -coefficients of the following weighted Eulerian polynomials:

2nAn(x, 1, 1/2) =

∑
π∈Sn

xexc (π )2n−cyc (π ).

n Section 5, we study excedance-type polynomials (in six variables) of signed permutations.
n Section 6, we present some results on the enumerative polynomials of signed permutations
ssociated with the flag excedance statistic. In Section 7, we study excedance-type polynomials
f colored permutations, including r-colored Eulerian polynomials and three kinds of multivariate
olored Eulerian polynomials.
Besides Theorem 2.4, the main results include Theorems 3.4, 3.6, 4.6, 5.2, 5.11, 5.13, 6.2, 6.5, 7.5,

.8, 7.11 and 7.15. In conclusion, our results unify and generalize some results of Athanasiadis [2,4],
agno–Garber [5], Brändén–Solus [10], Chen–Tang–Zhao [20], Chow [21,22], Chow–Mansour [23],
oata–Han [25], Han [32], Mongelli [45], Petersen [46], Shin–Zeng [50,51].

. Bi-gamma-positivity and alternatingly increasing property

If f (x) is γ -positive, then f (x) is also bi-γ -positive but not vice versa. We now provide a
onnection between γ -positivity and bi-γ -positivity.

roposition 2.1. If f (x) is γ -positive and f (0) = 0, then f ′(x) is bi-γ -positive.

roof. Assume that f (x) =
∑⌊n/2⌋

k=1 γkxk(1 + x)n−2k, where γk ⩾ 0 for all 1 ⩽ k ⩽ ⌊n/2⌋. Then we
have

f ′(x) =

⌊n/2⌋∑
k=1

kγkxk−1(1 + x)n−2k
+

⌊(n−1)/2⌋∑
k=1

(n − 2k)γkxk(1 + x)n−2k−1

=

⌊(n−2)/2⌋∑
i=0

(i + 1)γi+1xi(1 + x)n−2i−2
+ x

⌊(n−3)/2⌋∑
j=0

(n − 2j − 2)γj+1xj(1 + x)n−2j−3.

Therefore, f ′(x) is bi-γ -positive. □
3
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The following simple result will be used repeatedly in our discussion. For completeness, we give
proof of it.

emma 2.2. Let f (x) =
∑n

i=0 fix
i and g(x) =

∑m
j=0 gjx

j. If f (x) is γ -positive and g(x) is bi-γ -positive,
then f (x)g(x) is bi-γ -positive. In particular, the product of two γ -positive polynomials is also γ -positive.

Proof. Assume that f (x) =
∑⌊n/2⌋

k=0 γkxk(1 + x)n−2k and

g(x) =

⌊m/2⌋∑
i=0

ξixi(1 + x)m−2i
+

⌊(m+1)/2⌋∑
j=1

ηjxj(1 + x)m+1−2j,

where γk, ξi and ηj are all nonnegative numbers. Then f (x)g(x) can be expanded as

f (x)g(x) =

⌊(n+m)/2⌋∑
s=0

αsxs(1 + x)n+m−2s
+

⌊(n+m+1)/2⌋∑
t=1

βtxt (1 + x)n+m+1−2t ,

where αs =
∑

k+i=s γkξi ⩾ 0 and βt =
∑

k+j=t γkηj ⩾ 0, as desired. □

We now recall a definition.

Definition 2.3 ([40, Definition 4]). Let p(x, y) be a bivariate polynomial. Suppose p(x, y) can be
expanded as

p(x, y) =

n∑
i=0

yi
⌊(n−i)/2⌋∑

j=0

µn,i,jxj(1 + x)n−i−2j. (3)

If µn,i,j ⩾ 0 for all 0 ⩽ i ⩽ n and 0 ⩽ j ⩽ ⌊(n − i)/2⌋, then we say that p(x, y) is partial γ -positive.
The numbers µn,i,j are called the partial γ -coefficients of p(x, y).

The partial γ -positive polynomials frequently appear in combinatorics and geometry, see [3,33,
34,40] for details. We can now conclude the first main result of this paper.

Theorem 2.4. Suppose the polynomial p(x, y) has the expression (3) and deg p(x, 1) = n − 1, where
n is a positive integer. If p(x, y) is partial γ -positive, p(x, 1) is bi-γ -positive and 0 ⩽ y ⩽ 1 is a given
real number, then p(x, y) is alternatingly increasing.

Proof. For 0 ⩽ i ⩽ n and 0 ⩽ j ⩽ ⌊(n − i)/2⌋, let

µn,i,jxj(1 + x)n−i−2j
=

n−i−j∑
ℓ=j

Sn,i,j,ℓxℓ.

Since the polynomials
∑n−i−j

ℓ=j Sn,i,j,ℓxℓ are symmetric and unimodal, we have{Sn,i,j,ℓ = Sn,i,j,n−i−ℓ, if j ⩽ ℓ ⩽ n − i − j;
Sn,i,j,ℓ ⩽ Sn,i,j,ℓ+k, if j ⩽ ℓ < ℓ + k ⩽ ⌊(n − i)/2⌋;
Sn,i,j,ℓ ⩾ Sn,i,j,ℓ+k, if ⌊(n − i)/2⌋ ⩽ ℓ < ℓ + k ⩽ n − i − j.

(4)

For any n ⩾ 1, assume that p(x, y) =
∑n−1

ℓ=0 pn,ℓ(y)x
ℓ where

pn,ℓ(y) =

n∑
i=0

yi
⌊(n−i)/2⌋∑

j=0

Sn,i,j,ℓ.

For 0 ⩽ ℓ ⩽ ⌊n/2⌋, we have

pn,ℓ(y) − pn,n−ℓ(y) =

n∑
yi

⌊(n−i)/2⌋∑ (
Sn,i,j,ℓ − Sn,i,j,n−ℓ

)

i=0 j=0

4
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n∑
i=0

yi
⌊(n−i)/2⌋∑

j=0

(
Sn,i,j,ℓ − Sn,i,j,ℓ−i

)
.

By (4), we have Sn,i,j,ℓ − Sn,i,j,ℓ−i ⩾ 0. Hence pn,ℓ(y) ⩾ pn,n−ℓ(y) when y ⩾ 0.
For 0 ⩽ ℓ ⩽ ⌊n/2⌋ − 1, we have

pn,n−1−ℓ(y) − pn,ℓ(y) =

n∑
i=0

yi
⌊(n−i)/2⌋∑

j=0

(
Sn,i,j,n−1−ℓ − Sn,i,j,ℓ

)
=

n∑
i=0

yi
⌊(n−i)/2⌋∑

j=0

(
Sn,i,j,ℓ+1−i − Sn,i,j,ℓ

)
,

which can be rewritten as pn,n−1−ℓ(y) − pn,ℓ(y) = Pn,ℓ − Qn,ℓ(y), where

Pn,ℓ =

⌊n/2⌋∑
j=0

(
Sn,0,j,ℓ+1 − Sn,0,j,ℓ

)
, Qn,ℓ(y) =

n∑
i=1

yi
⌊(n−i)/2⌋∑

j=0

(
Sn,i,j,ℓ − Sn,i,j,ℓ+1−i

)
.

It follows from (4) that Sn,0,j,ℓ+1 − Sn,0,j,ℓ ⩾ 0 and Sn,i,j,ℓ − Sn,i,j,ℓ+1−i ⩾ 0 for i ⩾ 1. Since
p(x, 1) =

∑n−1
ℓ=0 pn,ℓ(1)x

ℓ is bi-γ -positive, the polynomial p(x, 1) is alternatingly increasing, which
implies that

pn,n−1−ℓ(1) − pn,ℓ(1) = Pn,ℓ − Qn,ℓ(1) ⩾ 0. (5)

Therefore, if 0 ⩽ y ⩽ 1, then Pn,ℓ − Qn,ℓ(y) ⩾ Pn,ℓ − Qn,ℓ(1) ⩾ 0. In conclusion, when 0 ⩽ y ⩽ 1,
we get pn,ℓ(y) ⩾ pn,n−ℓ(y) for 0 ⩽ ℓ ⩽ ⌊n/2⌋ and pn,n−1−ℓ(y) ⩾ pn,ℓ(y) for 0 ⩽ ℓ ⩽ ⌊n/2⌋ − 1. This
completes the proof. □

In the next Section, we shall present an application of Theorem 2.4.

3. Excedance-type polynomials of permutations

3.1. Preliminary

The cardinality of a set A will be denoted by #A. Let π ∈ Sn. Recall that

des (π ) = #{i ∈ [n − 1] : π (i) > π (i + 1)}.

An index i ∈ [n] is called a double descent of π if π (i−1) > π (i) > π (i+1), where π (0) = π (n+1) =

0. Foata–Schützenberger [26] found the following notable result.

Proposition 3.1 ([26]). For n ⩾ 1, one has

An(x) =

⌊(n−1)/2⌋∑
i=0

γn,ixi(1 + x)n−1−2i,

where γn,i is the number of permutations π ∈ Sn which have no double descents and des (π ) = i.

An element π ∈ Sn is called a derangement if fix (π ) = 0. Let Dn be the set of all derangements
in Sn. The derangement polynomials (of type A) are defined by

dn(x) =

∑
xexc (π ).
π∈Dn

5
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The exponential generating function of dn(x) is given as follows (see [11, Proposition 6]):

d(x; z) =

∞∑
n=0

dn(x)
zn

n!
=

1 − x
exz − xez

. (6)

he reader is referred to [52, A046739] for some references on derangement polynomials.
Let cda (π ) = #{i : π−1(i) < i < π (i)} be the number of cycle double ascents of π . Using the

theory of continued fractions, Shin–Zeng [50, Theorem 11] obtained the following result.

Proposition 3.2 ([50]). Let Dn,k = {π ∈ Sn : fix (π ) = 0, cda (π ) = 0, exc (π ) = k}. Then

dn(x, q) =

∑
π∈Dn

xexc (π )qcyc (π )
=

⌊n/2⌋∑
k=1

∑
π∈Dn,k

qcyc (π )xk(1 + x)n−2k. (7)

In the past decades, various refinements and generalizations of Propositions 3.1 and 3.2 have
been extensively studied. The reader is referred to [3,28,33,40,50,55] for more details.

Let ±[n] = [n] ∪ {1, . . . , n}, where i = −i. Let SB
n be the hyperoctahedral group of rank n.

lements of SB
n are permutations of ±[n] with the property that σ (i) = −σ (i) for all i ∈ [n]. Let

σ = σ (1)σ (2) · · · σ (n) ∈ SB
n . An excedance (resp. fixed point) of σ is an index i ∈ [n] such that

σ (|σ (i)|) > σ (i) (resp. σ (i) = i). Let exc (σ ) (resp. neg (σ ), fix (σ ) and cyc (σ )) denote the number of
excedances (resp. negative elements, fixed points and cycles) of σ . Let DB

n = {σ ∈ SB
n : fix (σ ) = 0}

e the set of all derangements in SB
n . The type B derangement polynomials dBn(x) are defined by

dBn(x) =

∑
σ∈DB

n

xexc (σ ).

The polynomials dBn(x) have been studied by Chen–Tang–Zhao [20], Chow [22] and Shin–Zeng [51].
According to [22, Theorem 3.2], the exponential generating function of dBn(x) is given as follows:

∞∑
n=0

dBn(x)
zn

n!
=

(1 − x)ez

e2xz − xe2z
. (8)

hen-Tang-Zhao [20, Theorem 4.6] proved the following remarkable result.

roposition 3.3 ([20]). For n ⩾ 1, the polynomials xndBn(1/x) are spiral. Equivalently, the polynomials
dBn(x) are alternatingly increasing.

For the (p, q)-Eulerian polynomials An(x, p, q) defined by (2), we set

An(x, q) = An(x, 1, q) =

∑
π∈Sn

xexc (π )qcyc (π ).

Brenti [14] showed that some of the crucial properties of Eulerian polynomials have nice
q-analogues for the q-Eulerian polynomials An(x, q). Following [14, Proposition 7.2], the polynomials
An(x, q) satisfy the recurrence relation

An+1(x, q) = (nx + q)An(x, q) + x(1 − x)
d
dx

An(x, q), A0(x, q) = 1. (9)

According to [14, Proposition 7.3], we have
∞∑
n=0

An(x, q)
zn

n!
=

(
(1 − x)ez

exz − xez

)q

.

sing the exponential formula, Ksavrelof and Zeng [36] found that
∞∑

An(x, p, q)
zn

n!
=

(
(1 − x)epz

exz − xez

)q

. (10)

n=0

6
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Below are the polynomials An(x, p, q) for n ⩽ 4:

A1(x, p, q) = pq, A2(x, p, q) = p2q2 + qx, A3(x, p, q) = p3q3 + (q + 3pq2)x + qx2,

A4(x, p, q) = p4q4 + (q + 4pq2 + 6p2q3)x + (4q + 3q2 + 4pq2)x2 + qx3.

.2. Main results

Note that An(x, 1, 1) = An(x) and An(x, 0, q) = dn(x, q). We can now present the second main
esult of this paper, which unifies Propositions 3.1 and 3.2.

heorem 3.4.

(i) For any n ⩾ 1, we have

An(x, p, q) =

n∑
i=0

pi
⌊(n−i)/2⌋∑

j=0

γn,i,j(q)xj(1 + x)n−i−2j. (11)

(ii) Let Sn,i,j = {π ∈ Sn : cda (π ) = 0, fix (π ) = i, exc (π ) = j}. Then

γn,i,j(q) =

∑
π∈Sn,i,j

qcyc (π ). (12)

Therefore, the (p, q)-Eulerian polynomial An(x, p, q) is partial γ -positive if q ⩾ 0 is a given real
number.

(iii) Let

γ = γ (x, p, q; z) = 1 +

∞∑
n=1

n∑
i=0

pi
⌊(n−i)/2⌋∑

j=0

γn,i,j(q)xj
zn

n!
.

Then we have

γ (x, p, q; z) = ez
(
p− 1

2

)
q

( √
1 − 4x

√
1 − 4x cosh

( z
2

√
1 − 4x

)
− sinh

( z
2

√
1 − 4x

))q

. (13)

A left peak of π ∈ Sn is an index i ∈ [n − 1] such that π (i − 1) < π (i) > π (i + 1), where
(0) = 0. Denote by lpk (π ) the number of left peaks in π . Let Q (n, i) = #{π ∈ Sn : lpk (π ) = i},
nd let Qn(x) =

∑⌊n/2⌋
i=0 Q (n, i)xi. Gessel [52, A008971] obtained the following exponential generating

unction:

Q (x; z) = 1 +

∞∑
n=1

Qn(x)
zn

n!
=

√
1 − x

√
1 − x cosh(z

√
1 − x) − sinh(z

√
1 − x)

. (14)

omparing (13) with (14) leads to

Q (x; z) = γ

(
x
4
,
1
2
, 1; 2z

)
. (15)

Let Cn be the set of permutations in Sn with no cycle double ascents. Note that∑
π∈Cn

xexc (π )pfix (π )qcyc (π )
=

n∑
i=0

⌊(n−i)/2⌋∑
j=0

γn,i,j(q)pixj.

An equivalent result to (15) is given as follows.

Corollary 3.5. We have∑
xlpk (π )

=

∑
2n−fix (π )−2exc (π )xexc (π ).
π∈Sn π∈Cn

7
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Comparing (8) with (10), we get 2nAn(x, 1/2, 1) = dBn(x). From Proposition 3.3, we see that
An(x, 1/2, 1) are alternatingly increasing. The third main result of this paper is given as follows.

Theorem 3.6. Let p ∈ [0, 1] and q ∈ [0, 1] be two given real numbers, i.e., 0 ⩽ p ⩽ 1 and 0 ⩽ q ⩽ 1.
hen we have the following two results:

(i) the polynomials An(x, q) =
∑

π∈Sn
xexc (π )qcyc (π ) are bi-γ -positive;

(ii) the polynomials An(x, p, q) =
∑

π∈Sn
xexc (π )pfix (π )qcyc (π ) are alternatingly increasing.

In Sections 5–7, we collect several applications of Theorem 3.6.

.3. Proof of Theorem 3.4

Following Chen [16], a context-free grammar G over an alphabet V is defined as a set of
ubstitution rules replacing a letter in V by a formal function over V . As usual, the formal function
ay be a polynomial or a Laurent polynomial. The formal derivative DG with respect to G satisfies

he derivation rules:

DG(u + v) = DG(u) + DG(v), DG(uv) = DG(u)v + uDG(v).

o the Leibniz rule holds:

Dn
G(uv) =

n∑
k=0

(
n
k

)
Dk
G(u)D

n−k
G (v).

xample 3.7 ([16]). Let G = {x → xy, y → y}. Then

Dn
G(x) = x

n∑
k=0

{
n
k

}
yk,

here
{n
k

}
is the Stirling number of the second kind.

In recent years, context-free grammars have been used to study permutations [17,19,40],
ncreasing trees [17,19], Stirling permutations [18,40,44] and perfect matchings [38]. According
o [17], an advantage of the grammatical description of a combinatorial sequence is that a recursion
f its generating function can be provided by attaching a labeling of the combinatorial object in
ccordance with the replacement rules of the grammar.
The following two definitions will be used repeatedly in our discussion.

efinition 3.8 ([17]). A grammatical labeling is an assignment of the underlying elements of a
ombinatorial structure with variables, which is consistent with the substitution rules of a grammar.

efinition 3.9 ([40]). A change of grammar is a substitution method in which the original grammar
s replaced with functions of other grammars.

The method of change of grammar has proved to be useful in handling combinatorial expansions
f descent-type polynomials, see [40,41] for details. In this paper, we use the change of grammar
echnique to establish combinatorial expansions of excedance-type polynomials.

Let An(x) =
∑n−1

k=0

⟨n
k

⟩
xk, where

⟨n
k

⟩
are called Eulerian numbers (see [52, A008292]). There is a

rammatical interpretation for Eulerian numbers.

roposition 3.10 ([24, Section 2.1]). If V = {x, y} and G = {x → xy, y → xy}, then

Dn
G(x) = x

n−1∑⟨
n
k

⟩
xkyn−k for n ⩾ 1.
k=0

8
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For π ∈ Sn, recall that exc (π ) + drop (π ) + fix (π ) = n. Now we present a simple variation of
n(x, p, q), which will be used repeatedly in this paper.

roposition 3.11. We have∑
π∈Sn

xexc (π )ydrop (π )pfix (π )qcyc (π )
= yn

∑
π∈Sn

(
x
y

)exc (π ) (p
y

)fix (π )

qcyc (π )
= ynAn

(
x
y
,
p
y
, q
)

.

In the following discussion, we always write permutation, signed or not, by its standard cycle
orm, in which each cycle has its smallest (in absolute value) element first and the cycles are written
n increasing order of the absolute value of their first elements. As an extension of Proposition 3.10,
e present a fundamental lemma.

emma 3.12. Let V = {I, p, q, x, y} and G = {I → Ipq, p → xy, x → xy, y → xy, q → 0}. Then

Dn
G(I) = I

∑
π∈Sn

xexc (π )ydrop (π )pfix (π )qcyc (π ).

Proof. Let π ∈ Sn. We introduce a grammatical labeling of π :

(L1) if i is an excedance, then put a superscript label x right after i;
(L2) if i is a drop, then put a superscript label y right after i;
(L3) if i is a fixed point, then put a superscript label p right after i;
(L4) put a superscript label I right after π and put a subscript label q right after each cycle.

ith this labeling, the weight of π is defined as the product of its labels, that is,

w(π ) = Ixexc (π )ydrop (π )pfix (π )qcyc (π ).

or example, let π = (1, 4, 3)(2, 6)(5). The grammatical labeling of π is given below

(1x4y3y)q(2x6y)q(5p)Iq.

f we insert 7 after 5, the resulting permutation is (1x4y3y)q(2x6y)q(5x7y)Iq. If the inserted 7 forms a
ew cycle, the resulting permutation is (1x4y3y)q(2x6y)q(5p)q(7p)Iq. If we insert 7 after 1, 4, 3, 2 or 6,

then we respectively get

(1x7y4y3y)q(2x6y)q(5p)Iq,

(1x4x7y3y)q(2x6y)q(5p)Iq,

(1x4y3x7y)q(2x6y)q(5p)Iq,

(1x4y3y)q(2x7y6y)q(5p)Iq,

(1x4y3y)q(2x6x7y)q(5p)Iq.

In each case, the insertion of 7 corresponds to one substitution rule in G. When n = 1, 2, we have
S1 = {(1p)Iq} and S2 = {(1p)q(2p)Iq, (1x2y)Iq}. Consider π ∈ Sn−1, where n ⩾ 3. When we insert the
ntry n into π , we only need to distinguish among four distinct cases:

(c1) π I
→ π (np)Iq;

(c2) · · · (ip)q · · · → · · · (ixny)q · · ·;
(c3) · · · (· · · ixj · · ·)q · · · → · · · (· · · ixnyj · · ·)q · · ·;
(c ) · · · (· · · iyj · · ·) · · · → · · · (· · · ixnyj · · ·) · · ·.
4 q q

9
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Therefore, the action of the formal derivative DG on the set of weighted permutations in Sn−1 gives
he set of weighted permutations in Sn. This yields the desired result. □

It should be noted that the grammar given in Lemma 3.12 can be simplified as follows:

G = {I → Ipq, p → xy, x → xy, y → xy}, (16)

where q can be seen as a given parameter and DG(q) = 0.

A proof of the combinatorial expansion (11). By Lemma 3.12, we obtain

Dn
G(I) |I=y=1= An(x, p, q). (17)

Consider a change of the grammar given by (16). Let u = xy and v = x + y. Then

DG(I) = Ipq, DG(p) = u, DG(u) = uv, DG(v) = 2u.

Let G2 = {I → Ipq, p → u, u → uv, v → 2u}. Note that

DG2 (I) = Ipq,D2
G2 (I) = I(p2q2 + qu),D3

G2 (I) = I(p3q3 + 3pq2u + quv).

For n ⩾ 1, assume that

Dn
G2 (I) = I

n∑
i=0

pi
⌊(n−i)/2⌋∑

j=0

γn,i,j(q)ujvn−i−2j. (18)

e now show that (18) holds for n + 1. Since Dn+1
G2

(I) = DG2

(
Dn
G2
(I)
)
, we have

Dn+1
G2

(I) = DG2

⎛⎝I
∑
i,j

γn,i,j(q)piujvn−i−2j

⎞⎠
= I

∑
i,j

γn,i,j(q)
(
qpi+1ujvn−i−2j

+ ipi−1uj+1vn−i−2j
+ jpiujvn+1−i−2j)

+

I
∑
i,j

γn,i,j(q)(2n − 2i − 4j)piuj+1vn−1−i−2j.

aking the coefficients of Ipiujvn+1−i−2j on the right side of the above expression, we obtain

qγn,i−1,j(q) + (i + 1)γn,i+1,j−1(q) + jγn,i,j(q) + (2n − 2i − 4j + 4)γn,i,j−1(q).

ence Dn+1
G2

(I) can be written as follows:

Dn+1
G2

(I) = I
n+1∑
i=0

pi
⌊(n+1−i)/2⌋∑

j=0

γn+1,i,j(q)ujvn+1−i−2j,

here

γn+1,i,j(q) = qγn,i−1,j(q) + (i + 1)γn,i+1,j−1(q) + jγn,i,j(q) + (2n − 2i − 4j + 4)γn,i,j−1(q), (19)

ith the initial conditions γ1,1,0(q) = q and γ1,i,j(q) = 0 for (i, j) ̸= (1, 0). Hence (18) holds for n+1.
rom (19), we see that if q ⩾ 0, then γn,i,j(q) ⩾ 0. Moreover, upon substituting u = xy and v = x+ y
n (18), we get the following expansion:

Dn
G(I) = I

n∑
i=0

pi
⌊(n−i)/2⌋∑

j=0

γn,i,j(q)(xy)j(x + y)n−i−2j.

omparing this with (17), we obtain

An(x, p, q) =

n∑
pi

⌊(n−i)/2⌋∑
γn,i,j(q)xj(1 + x)n−i−2j. □
i=0 j=0

10
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Let (c1, c2, . . . , ci) be a cycle of π . Then c1 = min{c1, . . . , ci}. Set ci+1 = c1. Then cj is called

• a cycle double ascent in the cycle if cj−1 < cj < cj+1, where 2 ⩽ j ⩽ i − 1;
• a cycle double descent in the cycle if cj−1 > cj > cj+1, where 2 < j ⩽ i;
• a cycle peak in the cycle if cj−1 < cj > cj+1, where 2 ⩽ j ⩽ i;
• a cycle valley in the cycle if cj−1 > cj < cj+1, where 2 < j ⩽ i − 1.

Let cda (π ) (resp. cdd (π ), cpk (π ), cval (π )) be the numbers of cycle double ascents (resp. cycle
double descents, cycle peaks, cycle valleys) of π .

We define an action ϕx on Sn as follows. Let c = (c1, c2, . . . , ci) be a cycle of π ∈ Sn with at least
two elements. Consider the following three cases:

• if ck is a cycle double ascent in c , then ϕck (π ) is obtained by deleting ck and then inserting ck
between cj and cj+1, where j is the smallest index satisfying k < j ⩽ i and cj > ck > cj+1;

• if ck is a cycle double descent in c , then ϕck (π ) is obtained by deleting ck and then inserting ck
between cj and cj+1, where j is the largest index satisfying 1 ⩽ j < k and cj < ck < cj+1;

• if ck is neither a cycle double ascent nor a cycle double descent in c , then ck is a cycle peak or
a cycle valley. In this case, we let ϕck (π ) = π .

Following [9], we define a modified Foata–Strehl group action ϕ′
x on Sn by

ϕ′

x(π ) =

{
ϕx(π ), if x is a cycle double ascent or a cycle double descent;
π, if x is a cycle peak or a cycle valley.

Define

CDD (π ) = {x | x is a cycle double descent of π},

S1
n,i,j,k = {π ∈ Sn : cda (π ) = 0, fix (π ) = i, exc (π ) = j, cyc (π ) = k},

S2
n,i,j,k = {π ∈ Sn : cda (π ) = 1, fix (π ) = i, exc (π ) = j, cyc (π ) = k}.

For π ∈ S1
n,i,j,k and x ∈ CDD (π ), it should be noted that exc (π ) equals the number of cycle peaks of

π , ϕ′
x(π ) ∈ S2

n,i,j+1,k and x is the unique cycle double ascent of ϕ′
x(π ). Conversely, for π̃ ∈ S2

n,i,j+1,k,
let x be the unique cycle double ascent of π̃ . Note that ϕ′

x(π̃ ) ∈ S1
n,i,j,k and x becomes a cycle double

descent in ϕ′
x(π̃ ). This implies that

|S2
n,i,j+1,k| = (n − i − 2j)|S1

n,i,j,k|, (20)

where n − i − 2j is the number of cycle double descents of permutations in S1
n,i,j,k.

Example 3.13. Let π = (1, 10, 6, 5, 7, 3, 2, 8)(4, 9) ∈ S1
10,0,4,2. We have CDD (π ) = {3, 6}. Then

ϕ′

3(π ) = (1, 3, 10, 6, 5, 7, 2, 8)(4, 9), ϕ′

6(π ) = (1, 6, 10, 5, 7, 3, 2, 8)(4, 9),

and ϕ′

3(π ), ϕ′

6(π ) ∈ S2
10,0,5,2.

A proof of (12) by combining modified Foata–Strehl group action. In order to get a permutation
enumerated by γn+1,i,j(q) by inserting the entry n + 1 into a permutation π ∈ Sn, then either
cda (π ) = 0 or cda (π ) = 1. When cda (π ) = 0, we distinguish among four distinct cases:

(c1) if π ∈ Sn,i−1,j, then we should append (n+ 1) to π as a new cycle. This accounts for the term
qγn,i−1,j(q);

(c2) if π ∈ Sn,i+1,j−1, then we should insert the entry n+ 1 right after a fixed point. This accounts
for the term (1 + i)γn,i+1,j−1(q);

(c3) if π ∈ Sn,i,j, then we should insert the entry n+ 1 right after an excedance. This accounts for
the term jγ (q);
n,i,j

11
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(c4) if π ∈ S1
n,i,j−1,k, then there are n − i − 2(j − 1) positions could be inserted the entry n + 1,

since we cannot insert the entry n + 1 immediately before or right after each cycle peak,
and we cannot insert the entry n + 1 right after a fixed point. This accounts for the term
(n − i − 2j + 2)γn,i,j−1(q).

hen cda (π ) = 1 and π ∈ S2
n,i,j,k, let x the unique cycle double ascent of π . We should insert the

ntry n + 1 into π immediately before x. Using (20), we get the additional term

(n − i − 2j + 2)γn,i,j−1(q).

Thus (19) holds. □

A proof of (13). Define

γn(x, p, q) =

n∑
i=0

⌊(n−i)/2⌋∑
j=0

γn,i,j(q)pixj, γ := γ (x, p, q; z) =

∞∑
n=0

γn(x, p, q)
zn

n!
.

ultiplying both sides of (19) by pixj and summing over all i and j, we get

γn+1(x, p, q) = (pq + 2nx)γn(x, p, q) + x(1 − 2p)
∂γn(x, p, q)

∂p
+ x(1 − 4x)

∂γn(x, p, q)
∂x

.

Multiplying both sides of the above recurrence by zn
n! and summing over all n ⩾ 0, we get

∂γ

∂z
= pqγ + x(1 − 2p)

∂γ

∂p
+ x(1 − 4x)

∂γ

∂x
+ 2xz

∂γ

∂z
. (21)

ne can directly check that the exponential generating function

γ̂ (x, p, q; z) = ez
(
p− 1

2

)
q

( √
1 − 4x

√
1 − 4x cosh

( z
2

√
1 − 4x

)
− sinh

( z
2

√
1 − 4x

))q

atisfies (21). Also, this exponential generating function gives γ̂ (x, p, q; 0) = γ̂ (x, p, 0; z) = 1. Hence
γ (x, p, q; z) = γ (x, p, q; z). This completes the proof. □

3.4. Proof of Theorem 3.6

Let k be a fixed positive integer. The 1/k-Eulerian polynomials A(k)
n (x) are defined by

∞∑
n=0

A(k)
n (x)

zn

n!
=

(
1 − x

ekz(x−1) − x

) 1
k

. (22)

Let e = (e1, e2, . . . , en) ∈ Zn. Let In,k = {e|0 ⩽ ei ⩽ (i − 1)k} be the set of n-dimensional
k-inversion sequences. The number of ascents of e is defined by

asc (e) = #
{
i : 1 ⩽ i ⩽ n − 1 |

ei
(i − 1)k + 1

<
ei+1

ik + 1

}
.

avage–Viswanathan [48] showed that

A(k)
n (x) =

∑
e∈In,k

xasc (e).

In other words, the polynomial A(k)
n (x) is the s-Eulerian polynomial of the s-inversion sequence

1, k + 1, 2k + 1, . . . , (n − 1)k + 1). Comparing (10) with (22), we see that

A(k)
n (x) = knAn(x, 1, 1/k) = knAn(x, 1/k) =

∑
π∈Sn

xexc (π )kn−cyc (π ). (23)
ecently, a bijective proof of (23) was provided in [15].

12
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g
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Let A(k)
n (x) =

∑n−1
j=0 An,j;kxj for n ⩾ 1. Below are the polynomials A(k)

n (x) for n ⩽ 3:

A(k)
1 (x) = 1, A(k)

2 (x) = 1 + kx, A(k)
3 (x) = 1 + 3kx + k2x + k2x2.

Comparing (23) with (9), we get

A(k)
n+1(x) = (1 + nkx)A(k)

n (x) + kx(1 − x)
d
dx

A(k)
n (x). (24)

Extracting the coefficients of xj in both sides of (24), one can get

An+1,j;k = (1 + kj)An,j;k + k(n − j + 1)An,j−1;k, (25)

with the initial conditions A1,0;k = 1 and A1,i;k = 0 for i ̸= 0 (see [43, p. 1470]). Now we give a
rammatical description of the coefficients An,j;k.

emma 3.14. If G0 = {I → Iy, x → kxy, y → kxy}, then we have

Dn
G0 (I) = I

n−1∑
j=0

An,j;kxjyn−j for n ⩾ 1. (26)

Proof. Note that DG0 (I) = Iy,D2
G0
(I) = I(y2 + kxy). Hence the result holds for n = 1, 2. Assume

that (26) holds for some n, where n ⩾ 2. Note that

Dn+1
G0

(I) = DG0

(
Dn
G0 (I)

)
= I

∑
j

An,j;k
(
xjyn−j+1

+ kjxjyn−j+1
+ k(n − j)xj+1yn−j) .

Extracting the coefficients of xjyn−j+1 in the right side of the above expression, we get

(1 + kj)An,j;k + k(n − j + 1)An,j−1;k.

Comparing the above expression of coefficients and (25), then Dn+1
G0

(I) can be written as

Dn+1
G0

(I) = I
n∑

j=0

An+1,j;kxjyn+1−j.

Therefore, the result holds for n + 1. The proof follows by induction. □

A proof of Theorem 3.6. Let q ∈ [0, 1] be a given real number and let k be a given positive integer.
From (23), we see that A(k)

n (x) = knAn(x, 1/k). To prove the bi-γ -positivity of An(x, q), it suffices to
prove that the polynomials A(k)

n (x) are bi-γ -positive. Consider a change of the grammar given in
Lemma 3.14. Note that

DG0 (I) = Iy, DG0 (Iy) = Iy(x + y) + (k − 1)Ixy,

DG0 (x + y) = 2kxy, DG0 (xy) = kxy(x + y).

Set J = Iy, u = x + y and v = xy. Then

DG0 (I) = J, DG0 (J) = Ju + (k − 1)Iv, DG0 (u) = 2kv, DG0 (v) = kuv.

Let G1 = {I → J, J → Ju + (k − 1)Iv, u → 2kv, v → kuv}. By induction, it is routine to verify that
there are nonnegative integers such that

Dn
G1 (I) = J

⌊(n−1)/2⌋∑
i=0

A+

n,i;kv
iun−1−2i

+ Iv
⌊(n−2)/2⌋∑

i=0

A−

n,i;kv
iun−2−2i. (27)

In particular, DG1 (I) = J,D2
G1
(I) = Ju + (k − 1)Iv. Note that

Dn+1
G1

(I) = (Ju + (k − 1)Iv)
∑

A+

n,i;kv
iun−1−2i

+ Jv
∑

A−

n,i;kv
iun−2−2i

+

i i

13
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w
o

J
∑

i

A+

n,i;k

(
kiviun−2i

+ 2k(n − 1 − 2i)vi+1un−2−2i)
+

I
∑

i

A−

n,i;k

(
k(i + 1)vi+1un−1−2i

+ 2k(n − 2 − 2i)vi+2un−3−2i) .
Taking coefficients of Jviun−2i and Ivi+1un−1−2i on both sides yields the recurrence system{

A+

n+1,i;k = (1 + ki)A+

n,i;k + 2k(n − 2i + 1)A+

n,i−1;k + A−

n,i−1;k,

A−

n+1,i;k = k(i + 1)A−

n,i;k + 2k(n − 2i)A−

n,i−1;k + (k − 1)A+

n,i;k,
(28)

with A+

1,0;k = 1, A+

1,i;k = 0 for i ̸= 0 and A−

1,i;k = 0 for any i. Clearly, A+

n,i;k and A−

n,i;k are both
nonnegative when k ⩾ 1. For n ⩾ 2, we define

A+

n;k(x) =

⌊(n−1)/2⌋∑
i=0

A+

n,i;kx
i, A−

n;k(x) =

⌊(n−2)/2⌋∑
i=0

A−

n,i;kx
i.

Multiplying both sides of (28) by xi and summing over all i, we obtain the recurrence system{
A+

n+1;k(x) = (1 + 2k(n − 1)x)A+

n;k(x) + kx(1 − 4x) d
dxA

+

n;k(x) + xA−

n;k(x),

A−

n+1;k(x) = k(1 + 2(n − 2)x)A−

n;k(x) + kx(1 − 4x) d
dxA

−

n;k(x) + (k − 1)A+

n;k(x),
(29)

ith A+

1;k(x) = 1 and A−

1;k(x) = 0. For convenience, we add more details regarding the derivation
f (29). Note that

∑
i A

+

n+1,i;kx
i
= A+

n+1;k(x) and
∑

i A
−

n+1,i;kx
i
= A−

n+1;k(x). Moreover,∑
i

(1 + ki)A+

n,i;kx
i
+ 2k

∑
i

(n − 2i + 1)A+

n,i−1;kx
i
+

∑
i

A−

n,i−1;kx
i

= A+

n;k(x) + kx
d
dx

A+

n;k(x) + 2kx
∑

i

(n − 2i − 1)A+

n,i;kx
i
+ x

∑
i

A−

n,i;kx
i

= A+

n;k(x) + kx
d
dx

A+

n;k(x) + 2k(n − 1)xA+

n;k(x) − 4kx
d
dx

A+

n;k(x) + xxA−

n;k(x),

k
∑

i

(i + 1)A−

n,i;kx
i
+ 2k

∑
i

(n − 2i)A−

n,i−1;kx
i
+ (k − 1)

∑
i

A+

n,i;kx
i

= kx
d
dx

A−

n;k(x) + kA−

n;k(x) + 2kx
∑

i

(n − 2i − 2)A−

n,i;kx
i
+ (k − 1)A+

n;k(x)

= kx
d
dx

A−

n;k(x) + kA−

n;k(x) + 2kx(n − 2)A−

n;k(x) − 4kx2
d
dx

A−

n;k(x) + (k − 1)A+

n;k(x).

After simplifying the above expressions, we get (29).
Upon substituting J = Iy, u = x + y and v = xy in (27), we obtain

Dn
G0 (I) = Iy

⌊(n−1)/2⌋∑
i=0

A+

n,i;k(xy)
i(x + y)n−1−2i

+ Ixy
⌊(n−2)/2⌋∑

i=0

A−

n,i;k(xy)
i(x + y)n−2−2i. (30)

It follows from (26) with (30) that

A(k)
n (x) = a(k)n (x) + xb(k)n (x), (31)

where⎧⎨⎩a(k)n (x) =
∑

i⩾0 A
+

n,i;kx
i(1 + x)n−1−2i

= (1 + x)n−1A+

n;k

(
x

(1+x)2

)
,

b(k)(x) =
∑

A− xi(1 + x)n−2−2i
= (1 + x)n−2A−

(
x
)

.
(32)
n i⩾0 n,i;k n;k (1+x)2

14
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Therefore, the polynomials A(k)
n (x) are bi-γ -positive, and so An(x, q) are bi-γ -positive when q ∈ [0, 1].

Let 0 ⩽ p ⩽ 1 and 0 ⩽ q ⩽ 1 be two given real numbers. Combining (11) and Theorem 2.4, we get
that An(x, p, q) is alternatingly increasing. This completes the proof. □

roposition 3.15. Let a(k)n (x) and b(k)n (x) be defined by (32). Then we have{
a(k)n+1(x) = (1 + x + k(n − 1)x)a(k)n (x) + kx(1 − x) d

dxa
(k)
n (x) + xb(k)n (x),

b(k)n+1(x) = k(1 + (n − 1)x)b(k)n (x) + kx(1 − x) d
dxb

(k)
n (x) + (k − 1)a(k)n (x),

ith a(k)1 (x) = 1 and b(k)1 (x) = 0.

Proof. According to (32), we see that

A+

n;k

(
x

(1 + x)2

)
=

a(k)n (x)
(1 + x)n−1 , A−

n;k

(
x

(1 + x)2

)
=

b(k)n (x)
(1 + x)n−2 .

ence

d
dx

A+

n;k

(
x

(1 + x)2

)
=

(1 + x) d
dxa

(k)
n (x) − (n − 1)a(k)n (x)

(1 − x)(1 + x)n−3 ,

d
dx

A−

n;k

(
x

(1 + x)2

)
=

(1 + x) d
dxb

(k)
n (x) − (n − 2)b(k)n (x)

(1 − x)(1 + x)n−4 .

Using the replacement x →
x

(1+x)2
in (29), and then substituting the above expressions, we get

a(k)n+1(x)
(1 + x)n

=

(
1 + 2k(n − 1)

x
(1 + x)2

)
a(k)n (x)

(1 + x)n−1 +

kx(1 − x)
(1 + x) d

dxa
(k)
n (x) − (n − 1)a(k)n (x)
(1 + x)n+1 +

x
(1 + x)2

b(k)n (x)
(1 + x)n−2 ,

b(k)n+1(x)
(1 + x)n−1 = k

(
1 + 2(n − 2)

x
(1 + x)2

)
b(k)n (x)

(1 + x)n−2 +

kx(1 − x)
(1 + x) d

dxb
(k)
n (x) − (n − 2)b(k)n (x)
(1 + x)n

+ (k − 1)
a(k)n (x)

(1 + x)n−1 .

Simplifying these two expressions, we get the desired recurrence system. □

By Proposition 3.15, one can see that b(k)n (x) is divisible by k − 1 when n ⩾ 2. Below the
polynomials a(k)n (x) and b(k)n (x) for 2 ⩽ n ⩽ 4:

a(k)2 (x) = 1 + x, b(k)2 (x) = k − 1,

a(k)3 (x) = 1 + (3k + 1)x + x2, b(k)3 (x) = (k2 − 1)(1 + x),

a(k)4 (x) = 1 + (1 + 6k + 4k2)x + (1 + 6k + 4k2)x2 + x3,

b(k)4 (x) = k3 − 1 + (4k3 + 3k2 − 6k − 1)x + (k3 − 1)x2.

4. On the 1/k-Eulerian polynomials

4.1. Symmetric decompositions

Recall that A(k)
n (x) = a(k)n (x) + xb(k)n (x). From (32), we see that

a(k)n (x) = (1 + x)n−1A+

n;k

(
x

2

)
,

(1 + x)
15
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b(k)n (x) = (1 + x)n−2A−

n;k

(
x

(1 + x)2

)
.

elow the polynomials A+

n;k(x) and A−

n;k(x) for 2 ⩽ n ⩽ 4:

A+

2;k(x) = 1, A−

2;k(x) = k − 1, A+

3;k(x) = 1 + (3k − 1)x, A−

3;k(x) = k2 − 1,

A+

4;k(x) = 1 + (6k + 4k2 − 2)x, A−

4;k(x) = k3 − 1 + (1 − 6k + 3k2 + 2k3)x.

In this subsection, we present combinatorial interpretations of a(k)n (x) and b(k)n (x).
Let ji = j, . . . , j  

i

for i, j ⩾ 1. We say that a permutation of {1k, 2k, . . . , nk
} is a k-Stirling permutation

of order n if for each i, 1 ⩽ i ⩽ n, all entries between the two occurrences of i are at least i.
When k = 2, the k-Stirling permutation reduces to the classical Stirling permutation, see [8,30] for
instance. Let Qn(k) be the set of k-Stirling permutations of order n. Let σ = σ1σ2 · · · σnk ∈ Qn(k). We
ay that an index i is a longest ascent plateau if σi−1 < σi = σi+1 = σi+2 = · · · = σi+k−1, where
2 ⩽ i ⩽ nk− k+1. A longest left ascent plateau of σ is a longest ascent plateau of σ endowed with a
0 in the front of σ . Let ap (σ ) (resp. lap (σ )) be the number of longest ascent plateaus (resp. longest
left ascent plateaus) of σ . It is clear that

lap (σ ) :=

{
ap (σ ) + 1, if σ1 = σ2 = · · · = σk;

ap (σ ), otherwise.

Example 4.1. We have

ap (112333244421) = 2, lap (111223334442) := lap (0111223334442) = 3.

The following results were obtained in [43]:

A(k)
n (x) =

∑
σ∈Qn(k)

xap (σ ), xnA(k)
n

(
1
x

)
=

∑
σ∈Qn(k)

xlap (σ ). (33)

Note that deg A(k)
n (x) = n − 1. Let

(
a(k)n (x), b(k)n (x)

)
be the symmetric decomposition of A(k)

n (x). Let
Qn(k) = {σ ∈ Qn(k) | σj < σj+1 for some j∈[k-1]}. Put Qn = Qn(2). Combining (1) and (33), we
obtain

a(k)n (x) =

∑
σ∈Qn(k) x

ap (σ )
−
∑

σ∈Qn(k) x
lap (σ )

1 − x
.

So we get the following result.

Proposition 4.2. We have

a(k)n (x) =

∑
σ∈Qn(k)

σ1=σ2=···=σk

xap (σ ), xb(k)n (x) =

∑
σ∈Qn(k)

xap (σ ).

In particular, we have

a(2)n (x) =

∑
σ∈Qn
σ1=σ2

xap (σ ), xb(2)n (x) =

∑
σ∈Qn
σ1<σ2

xap (σ ).

4.2. A combinatorial interpretation of the bi-γ -coefficients of A(2)
n (x)

It follows from (23) and (31) that

A(2)
n (x) = 2nAn(x, 1/2) =

∑
xexc (π )2n−cyc (π )

= a(2)n (x) + xb(2)n (x).

π∈Sn

16
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Below are the symmetric polynomials a(2)n (x) and b(2)n (x) for n ⩽ 4:

a(2)1 (x) = 1, b(2)1 (x) = 0, a(2)2 (x) = 1 + x, b(2)2 (x) = 1, a(2)3 (x) = 1 + 7x + x2,

b(2)3 (x) = 3 + 3x, a(2)4 (x) = 1 + 29x + 29x2 + x3, b(2)4 (x) = 7 + 31x + 7x2.

We say that π ∈ Sn is a circular permutation if it has only one cycle. Let A = {x1, . . . , xj} be a finite
set of positive integers, and let CA be the set of all circular permutations of A. Let w ∈ CA. We will
always write w by using its canonical presentation w = y1y2 · · · yj, where y1 = min A, yi = wi−1(y1)
for 2 ⩽ i ⩽ j and y1 = wj(y1). A cycle peak (resp. cycle double ascent, cycle double descent) of w is an
entry yi, 2 ⩽ i ⩽ j, such that yi−1 < yi > yi+1 (resp. yi−1 < yi < yi+1, yi−1 > yi > yi+1), where we
set yj+1 = ∞, i.e., yj+1 is the positive infinity. As shown in [41, p. 10–11], the motivation of setting
yj+1 = ∞ lies in the fact that when set yj+1 = ∞, we can gave a combinatorial interpretation of
the q-alternating run polynomials, which are defined by the following recurrence relation:

Rn+1(x, q) = (q + nx)xRn(x, q) + x(1 − x2)
∂

∂x
Rn(x, q), R0(x, q) = 1.

In this subsection, we use the same assumption, i.e., put a ∞ at the end of each cycle of π .
Let cpk (w) be the number of cycle peaks of the circular permutation w. A run of w is a maximal

consecutive subsequence that is increasing or decreasing. Following [41], the number of cycle runs
crun (w) of w is defined to be the number of runs of the word y1y2 · · · yj∞. Assume that cyc (π ) = s
nd π = w1w2 · · · ws, where wi is the ith cycle of π . The numbers of cycle runs and cycle peaks of
are respectively defined by

crun (π ) =

s∑
i=1

crun (wi), cpk (π ) =

s∑
i=1

cpk (wi).

or π ∈ Sn, it is clear that 1 ⩽ crun (π ) ⩽ n.

xample 4.3. We have

crun ((1)(2)(3) · · · (n)) := crun ((1∞)(2∞)(3∞) · · · (n∞)) = n,

crun ((1, 2, 3, . . . , n)) := crun ((1, 2, 3, . . . , n, ∞)) = 1.

xample 4.4. If π = (1, 4, 2)(3, 5, 6)(7) ∈ S7, then crun (π ) = 5, since the numbers of cycle
uns in the three cycles are 3, 1, 1, respectively. Moreover, cpk ((1, 4, 2)(3, 5, 6)(7)) = 1, so we get
run (π ) = 2cpk (π ) + cyc (π ) = 2 + 3 = 5.

roposition 4.5. For any π ∈ Sn, we have crun (π ) = 2cpk (π ) + cyc (π ).

roof. Assume that π = w1w2 · · · ws, where wi is the ith cycle of π . Since we put a ∞ at the
nd of wi, then wi starts in an ascending run and ends in an ascending run. So we get crun (wi) =

cpk (wi) + 1, which yields that

crun (π ) =

s∑
i=1

crun (wi) = 2
s∑

i=1

cpk (wi) + s = 2cpk (π ) + cyc (π ). □

We can now conclude the following result.

heorem 4.6. Let Sn,i be the set of permutations in Sn with i cycle runs. For n ⩾ 2, we have

A(2)
n (x) =

∑
xexc (π )2n−cyc (π )

=

⌊(n−1)/2⌋∑
ξ+

n,ix
i(1 + x)n−1−2i

+ x
⌊(n−2)/2⌋∑

ξ−

n,jx
j(1 + x)n−2−2j,
π∈Sn i=0 j=0

17
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E

where {
ξ+

n,i =
∑

π∈Sn,2i+1
2crun (π )−cyc (π )

=
∑

π∈Sn,2i+1
4cpk (π ),

ξ−

n,j =
∑

π∈Sn,2j+2
2crun (π )−cyc (π )

=
∑

π∈Sn,2j+2
4cpk (π ).

(34)

roof. Note that 22A2(x, 1/2) = 1 + x + x and 23A3(x, 1/2) = [(1 + x)2 + 5x] + 3x(1 + x). Thus
+

2,0 = ξ−

2,0 = 1, ξ+

3,0 = 1, ξ+

3,1 = 5, ξ−

3,0 = 3. Note that S2,1 = {(12)}, S2,2 = {(1)(2)},

S3,1 = {(1, 2, 3)}, S3,2 = {(1, 2)(3), (1, 3)(2), (1)(2, 3)}, S3,3 = {(1)(2)(3), (1, 3, 2)}.

It is easy to check that (34) holds for n = 2, 3. We proceed by induction on n. In order to get
permutations in Sn+1,2i+1, we distinguish among three distinct cases:

(c1) if π ∈ Sn,2i, then we can insert n + 1 into π as a new cycle. This gives the term ξ−

n,i−1;
(c2) if π ∈ Sn,2i+1, then 2cpk (π ) + cyc (π ) = 2i + 1. We can insert n + 1 just before or right after

each cycle peak of π . Moreover, we can insert n + 1 at the end of a cycle of π . This gives the
term (2i + 1)ξ+

n,i;
(c3) if π ∈ Sn,2i−1, then 2cpk (π )+ cyc (π ) = 2i− 1. We can insert n+ 1 into any of the remaining

n − (2i − 1) positions, and the number of cycle runs is increased by two. This gives the term
4(n−2i+1)ξ+

n,i−1. As an illustration, consider π = (1, 3, 5, 2)(4, 6)(7) ∈ S7,5. When 8 is inserted
right after 1 or 4, the number of cycle runs will increased by two.

Similarly, there are three ways to get permutations in Sn+1,2i+2 by inserting the entry n + 1:

(c1) if π ∈ Sn,2i+1, then we can insert n + 1 into π as a new cycle. This gives the term ξ+

n,i;
(c2) if π ∈ Sn,2i+2, then 2cpk (π ) + cyc (π ) = 2i + 2. We can insert n + 1 just before or right after

each cycle peak of π . Moreover, we can insert n + 1 at the end of a cycle of π . This gives the
term (2i + 2)ξ−

n,i;
(c3) if π ∈ Sn,2i, then 2cpk (π )+ cyc (π ) = 2i. We can insert n+ 1 into any of the remaining n− 2i

positions, and the number of cycle runs is increased by two. This gives the term 4(n−2i)ξ−

n,i−1.

In conclusion, we have{
ξ+

n+1,i = (2i + 1)ξ+

n,i + 4(n − 2i + 1)ξ+

n,i−1 + ξ−

n,i−1,

ξ−

n+1,i = (2i + 2)ξ−

n,i + 4(n − 2i)ξ−

n,i−1 + ξ+

n,i.

Comparing this with (28) leads to ξ+

n,i = A+

n,i;2 and ξ−

n,i = A−

n,i;2, and this completes the proof. □

5. Excedance-type polynomials of signed permutations

5.1. Basic definitions

Let σ = σ (1)σ (2) · · · σ (n) ∈ SB
n . It should be noted that the n letters appearing in the cycle

notation of σ ∈ SB
n are the letters σ (1), σ (2), . . . , σ (n). We say that i is an excedance (resp. anti-

excedance, fixed point, singleton) of σ if σ (|σ (i)|) > σ (i) (resp. σ (|σ (i)|) < σ (i), σ (i) = i,
σ (i) = i). Let exc (σ ) (resp. aexc (σ ), fix (σ ), single (σ ), neg (σ )) be the number of excedances
resp. anti-excedances, fixed points, singletons, negative entries) of σ .

xample 5.1. The signed permutation π = 351724689 can be written as (9)(3, 1)(2, 5)(4, 7, 6)(8).
Thus, π with only one singleton 9 and one fixed point 8, and π has 3 excedances, 4 anti-excedances
and 3 negative entries.

We say that i ∈ [n] is a weak excedance of σ if σ (i) = i or σ (|σ (i)|) > σ (i) (see [13, p. 431]). Let
wexc (σ ) be the number of weak excedances of σ . Then wexc (σ ) = exc (σ ) + fix (σ ). The number
of type B descent of σ is defined by
desB(σ ) = #{i ∈ {0, 1, . . . , n − 1} | σ (i) > σ (i + 1)},

18
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where σ (0) := 0. Following [13, Theorem 3.15], the statistics desB and wexc have the same
istribution over Bn, and their common enumerative polynomial is the type B Eulerian polynomial
see [52, A060187]):

Bn(x) =

∑
σ∈SB

n

xdesB(σ )
=

∑
σ∈SB

n

xwexc (σ ). (35)

Let Q (n, i) be the number of permutations in Sn with i left peaks (see [52, A008971]). Using the
heory of enriched P-partitions, Petersen [46, Proposition 4.15] obtained that

Bn(x) =

⌊n/2⌋∑
i=0

4iQ (n, i)xi(1 + x)n−2i, (36)

hich has been extensively studied, see [21,37,51,55] and the references therein.

.2. A unified generalization of the expansion (36) and Propositions 3.1 and 3.2

Consider the following polynomials

Bn(x, y, s, t, p, q) =

∑
σ∈SB

n

xexc (σ )yaexc (σ )ssingle (σ )t fix (σ )pneg (σ )qcyc (σ ).

heorem 5.2. We have

Bn(x, y, s, t, p, q) = (1 + p)nynAn

(
x
y
,
t + sp
y + py

, q
)

. (37)

In the sequel, we shall prove Theorem 5.2.

Lemma 5.3. Let p and q be two given parameters. If

G3 = {J → qJ(t + sp), s → (1 + p)xy, t → (1 + p)xy, x → (1 + p)xy, y → (1 + p)xy}, (38)

then we have Dn
G3
(J) = JBn(x, y, s, t, p, q).

Proof. We first introduce a grammatical labeling of σ ∈ SB
n as follows:

(L1) if i is an excedance, then put a superscript label x right after σ (i);
(L2) if i is an anti-excedance, then put a superscript label y right after σ (i);
(L3) if i is a fixed point, then put a superscript label t right after i;
(L4) if i is a singleton, then put a superscript label s right after i;
(L5) put a superscript label J at the end of σ ;
(L6) put a subscript label q at the end of each cycle of σ ;
(L7) put a subscript label p right after each negative entry of σ .

or example, for σ = (1, 3, 2, 6)(4)(5), the grammatical labeling of σ is given below:

(1x3y2
x
p6

y)q(4
s
p)q(5

t )Jq.

Note that the weight of σ is given by

w(σ ) = Jxexc (σ )yaexc (σ )ssingle (σ )t fix (σ )pneg (σ )qcyc (σ ).

For n = 1, we have SB
1 = {(1t )Jq, (1

s
p)

J
q}. Note that DG3 (J) = qJ(t + sp). Hence the result holds for

= 1. We proceed by induction. Suppose we get all labeled permutations in σ ∈ SB
n−1, where

⩾ 2. Let σ̂ be obtained from σ ∈ SB
n−1 by inserting the entry n or n. There are five ways to label

he inserted element and relabel some elements of σ :
19
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(c1) if n or n appended as a new cycle, then the changes of labeling are illustrated as follows:

· · · (· · ·)Jq → · · · (· · ·)q(nt )Jq, · · · (· · ·)J → · · · (· · ·)q(ns
p)

J
q;

(c2) if we insert n or n right after a fixed point, then the changes of labeling are illustrated as
follows:

· · · (it )q(· · ·) · · · → · · · (ixny)q(· · ·) · · · , · · · (it )q(· · ·) · · · → · · · (iynx
p)q(· · ·) · · · ;

(c3) if we insert n or n right after a singleton, then the changes of labeling are illustrated as follows:

· · · (i
s
p)q(· · ·) · · · → · · · (i

x
pn

y)q(· · ·) · · · , · · · (i
s
p)q(· · ·) · · · → · · · (i

y
pn

x
p)q(· · ·) · · · ;

(c4) if we insert n or n right after an excedance, then the changes of labeling are illustrated as
follows:

· · · (· · · σ (i)xσ (|σ (i)|) · · ·)q(· · ·) · · · → · · · (· · · σ (i)xnyσ (|σ (i)|) · · ·)q(· · ·) · · · ,

· · · (· · · σ (i)xσ (|σ (i)|) · · ·)q(· · ·) · · · → · · · (· · · σ (i)ynx
pσ (|σ (i)|) · · ·)q(· · ·) · · · ;

(c5) if we insert n or n right after an anti-excedance, then the changes of labeling are illustrated
as follows:

· · · (· · · σ (i)yσ (|σ (i)|) · · ·)q(· · ·) · · · → · · · (· · · σ (i)xnyσ (|σ (i)|) · · ·)q(· · ·) · · · ,

· · · (· · · σ (i)yσ (|σ (i)|) · · ·)q(· · ·) · · · → · · · (· · · σ (i)ynx
pσ (|σ (i)|) · · ·)q(· · ·) · · · .

n each case, the insertion of n or n corresponds to one substitution rule in G. Therefore, the
action of DG3 on the set of weighted signed permutations in SB

n−1 gives the set of weighted signed
ermutations in SB

n . This yields the desired result. □

proof of Theorem 5.2. Let G3 be the grammar given in Lemma 5.3. Consider a change of the
rammar G3. Setting A = t + sp, B = (1 + p)x and C = (1 + p)y, we get

DG3 (J) = qJA, DG3 (A) = BC, DG3 (B) = BC, DG3 (C) = BC .

Let G4 = {J → qJA, A → BC, B → BC, C → BC}. It follows from Lemma 3.12 that

Dn
G4 (J) = J

∑
π∈Sn

Afix (π )Bexc (π )Cdrop (π )qcyc (π ).

Upon substituting A = t + sp, B = (1 + p)x and C = (1 + p)y in the above expansion, we get

Dn
G3 (J) = J

∑
π∈Sn

(t + sp)fix (π )(x + px)exc (π )(y + py)drop (π )qcyc (π ). (39)

It follows from (39) and Proposition 3.11 that

Dn
G3 (J) = J(1 + p)nynAn

(
x
y
,
t + sp
y + py

, q
)

.

ombining this with Lemma 5.3, we obtain (37). This completes the proof. □

Combining (11) and (37), we get the following result.

orollary 5.4. Let Sn,i,j = {π ∈ Sn : cda (π ) = 0, fix (π ) = i, exc (π ) = j}, and set

γn,i,j(q) =

∑
qcyc (π ).
π∈Sn,i,j
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Then we have

Bn(x, y, s, t, p, q) =

n∑
i=0

(t + sp)i(1 + p)n−i
⌊(n−i)/2⌋∑

j=0

γn,i,j(q)(xy)j(x + y)n−i−2j.

In particular, setting y = s = 1 and t = 0 in Bn(x, y, s, t, p, q), we have∑
σ∈DB

n

xexc (σ )pneg (σ )qcyc (π )
=

n∑
i=0

pi(1 + p)n−i
⌊(n−i)/2⌋∑

j=0

γn,i,j(q)xj(x + 1)n−i−2j. (40)

When p = 0, then (40) reduces to (7). From (37), we get

Bn(x, 1, s, t, 1, q) =

∑
σ∈SB

n

xexc (π )ssingle (σ )t fix (π )qcyc (π )
= 2nAn

(
x,

t + s
2

, q
)

. (41)

Note that Bn(x, 1, 1, −1, 1, 1) = 2ndn(x), Bn(x, 1, 1, 0, 1, 1) = dBn(x), Bn(x, 1, 2, 0, 1, 1) = 2nAn(x).
Combining Theorem 3.6 and (41), we get the following result.

Corollary 5.5. Let t, s and q be three given real numbers satisfying 0 ⩽ t + s ⩽ 2 and 0 ⩽
q ⩽ 1. Then Bn(x, 1, s, t, 1, q) are alternatingly increasing for n ⩾ 1. In particular, the polynomials
Bn(x, 1, s, 2 − s, 1, q) are bi-γ -positive.

5.3. Several convolution formulas

Consider the following multivariate polynomials

Bn(x, y, s, t, p, 1) =

∑
σ∈SB

n

xexc (σ )yaexc (σ )ssingle (σ )t fix (σ )pneg (σ ).

Set B0(x, y, s, t, p, 1) = 1. Using (37), we obtain

B(x, y, s, t, p, 1; z) =

∞∑
n=0

Bn(x, y, s, t, p, 1)
zn

n!

=

∞∑
n=0

(1 + p)nynAn

(
x
y
,
t + sp
y + py

, 1
)

zn

n!

=

∞∑
n=0

An

(
x
y
,
t + sp
y + py

, 1
)

((1 + p)yz)n

n!
.

ombining this with (10), we get

B(x, y, s, t, p, 1; z) =
(y − x)e(t+sp)z

ye(1+p)xz − xe(1+p)yz . (42)

Define

Φn(x, y) = xy
xn−1

− yn−1

x − y
= xy(xn−2

+ xn−3y + · · · + xyn−3
+ yn−2) for n ⩾ 2.

n particular, Φ2(x, y) = xy and Φ3(x, y) = xy(x + y). Set Φ0(x, y) = Φ1(x, y) = 0.

heorem 5.6. For n ⩾ 2, we have

Bn(x, y, s, t, p, 1) = (t + sp)n +

n−2∑(
n
k

)
Bk(x, y, s, t, p, 1)Φn−k(x, y)(1 + p)n−k. (43)
k=0
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Proof. Note that

Φ(x, y, p; z) : =

∞∑
n=0

Φn(x, y)(1 + p)n
zn

n!

=
y

x − y

∞∑
n=2

((1 + p)xz)n

n!
−

x
x − y

∞∑
n=2

((1 + p)yz)n

n!

=
y

x − y

(
e(1+p)xz

− 1 − (1 + p)xz
)
−

x
x − y

(
e(1+p)yz

− 1 − (1 + p)yz
)

=
y

x − y

(
e(1+p)xz

− 1
)
−

x
x − y

(
e(1+p)yz

− 1
)

= 1 −
y

y − x
e(1+p)xz

+
x

y − x
e(1+p)yz .

So we have

Φ(x, y, p; z) :=

∞∑
n=0

Φn(x, y)(1 + p)n
zn

n!
= 1 −

ye(1+p)xz
− xe(1+p)yz

y − x
.

For n ⩾ 2, we define

fn(x, y, s, t, p) = (t + sp)n +

n−2∑
k=0

(
n
k

)
Bk(x, y, s, t, p, 1)Φn−k(x, y)(1 + p)n−k. (44)

Set f0(x, y, s, t, p) = 1 and f1(x, y, s, t, p) = t + sp. It follows from (44) that

f (x, y, s, t, p; z) =

∞∑
n=0

fn(x, y, s, t, p)
zn

n!

=e(t+sp)z
+ B(x, y, s, t, p, 1; z)Φ(x, y, p; z)

= e(t+sp)z
+

(
(y − x)e(t+sp)z

ye(1+p)xz − xe(1+p)yz

)(
1 −

ye(1+p)xz
− xe(1+p)yz

y − x

)
= B(x, y, s, t, p, 1; z).

Thus we obtain

B(x, y, s, t, p, 1; z) = e(t+sp)z
+ B(x, y, s, t, p, 1; z)Φ(x, y, p; z).

Equating the coefficients of zn
n! in both sides of the above expression, we get the desired result. □

Note that

An(x) = Bn(x, 1, 0, 1, 0, 1), dn(x) = Bn(x, 1, 0, 0, 0, 1),

Bn(x) = Bn(x, 1, 1, x, 1, 1), dBn(x) = Bn(x, 1, 1, 0, 1, 1).

The following corollary is immediate from Theorem 5.6 by special parametrizations.

Corollary 5.7. For n ⩾ 2, we have

An(x) = 1 +

n−2∑
k=0

(
n
k

)
Ak(x)(x + x2 + · · · + xn−1−k),

dn(x) =

n−2∑(
n
k

)
dk(x)(x + x2 + · · · + xn−1−k),
k=0
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Bn(x) = (1 + x)n +

n−2∑
k=0

(
n
k

)
Bk(x)(x + x2 + · · · + xn−1−k)2n−k,

dBn(x) = 1 +

n−2∑
k=0

(
n
k

)
dBk(x)(x + x2 + · · · + xn−1−k)2n−k.

Using the theory of geometric combinatorics, Juhnke-Kubitzke etal. [35, Corollary 4.2] obtained
the convolution formula of dn(x) that is given in Corollary 5.7. It would be interesting to derive the
other convolution formulas by using the theory of geometric combinatorics.

5.4. A relationship between derangement polynomials of types A and B

Consider the following polynomials

dBn(x, p) = Bn(x, 1, 1, 0, p, 1) =

∑
σ∈DB

n

xexc (σ )pneg (σ ).

By Theorem 5.2, we get
∞∑
n=0

dBn(x, p)
zn

n!
=

∞∑
n=0

An

(
x,

p
1 + p

, 1
)

(1 + p)nzn

n!
. (45)

From (10), we see that
∞∑
n=0

An(x, p, 1)
zn

n!
=

(1 − x)epz

exz − xez
. (46)

ombining (45) and (46), we get
∞∑
n=0

dBn(x, p)
zn

n!
=

(1 − x)epz

e(1+p)xz − xe(1+p)z . (47)

Note that dBn(x, 0) = dn(x) and dBn(x, 1) = dBn(x). Below are dBn(x, p) for 0 ⩽ n ⩽ 4:

dB0(x, p) = 1, dB1(x, p) = p, dB2(x, p) = x + 2px + p2(1 + x),

dB3(x, p) = x(1 + x) + 3px(2 + x) + 3p2x(3 + x) + p3(1 + 4x + x2),

dB4(x, p) = x(1 + 7x + x2) + 4px(2 + 8x + x2) + 6p2x(4 + 9x + x2)+

4p3x(7 + 10x + x2) + p4(1 + 11x + 11x2 + x3).

Lemma 5.8. For 1 ⩽ i ⩽ n, let D̃B
n,i be the set of type B derangements of order n with the restriction

that the set of negative entries of each derangement is {n, n − 1, . . . , n − i + 1}. Let dBn,i(x) be the
derangement polynomials over D̃B

n,i. In other words,

dBn,i(x) =

∑
σ∈D̃B

n,i

xexc (σ ).

Then dBn,i(x) = dBn,i−1(x) + dBn−1,i−1(x) for any 1 ⩽ i ⩽ n, where dBn,0(x) = dn(x).

Proof. For any 1 ⩽ i ⩽ n, we partition the set D̃B
n,i into three subsets:

D̃B,1
n,i = {σ ∈ D̃B

n,i | n is a singleton of σ },

D̃B,2
n,i = {σ ∈ D̃B

n,i | single (σ ) = 0},

D̃B,3
= {σ ∈ D̃B

| single (σ ) > 0 and n is not a singleton of σ }.
n,i n,i
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Claim 1. For σ ∈ D̃B,1
n,i , we define a bijection φ1 : D̃B,1

n,i ↦→ D̃B
n−1,i−1 by deleting the cycle (n) in σ .

learly, φ1(σ ) ∈ D̃B
n−1,i−1. On the other hand, for σ ′

∈ D̃B
n−1,i−1, the permutation φ−1

1 (σ ′) is obtained
rom σ ′ by appending (n) to σ ′ as a new cycle.

Claim 2. There is an order-preserving bijection φ2 : D̃B,2
n,i ↦→ D̃B,2

n,i−1. For σ ∈ D̃B,2
n,i , we define the map

φ2 by

φ2(σ )(j) =

⎧⎨⎩
σ (j) + 1, if σ (j) ∈ {1, 2, . . . , n − i};
1, if σ (j) = n − i + 1;
σ (j), if σ (j) ∈ {n − i + 2, . . . , n − 1, n}.

t is clear that φ2(σ ) ∈ D̃B,2
n,i−1 and exc (σ ) = exc (φ2(σ )). For σ ′

∈ D̃B,2
n,i−1, the inverse of φ2 is given as

follows:

φ−1
2 (σ ′)(j) =

⎧⎨⎩
σ (j) − 1, if σ (j) ∈ {2, 3, . . . , n − i + 1};
n − i + 1, if σ ′(j) = 1;
σ (j), if σ (j) ∈ {n − i + 2, . . . , n − 1, n}.

ee Example 5.9 for an illustration of φ2.

Claim 3. There is an order-preserving bijection φ3 : D̃B,3
n,i ↦→ D̃B

n,i−1 \ D̃B,2
n,i−1. For σ ∈ D̃B,3

n,i , let Single (σ )
be the set of singletons of σ . Let the set of singletons of φ3(σ ) be defined by

Single (φ3(σ )) = {k + 1 : k ∈ Single (σ )}.

Define

A(σ ) = {n, n − 1, . . . , n − i + 1} ∪ {1, 2, . . . , n − i} \ Single (σ ),

B(σ ) = {n, n − 1, . . . , n − i + 2} ∪ {1, 2, . . . , n − i, n − i + 1} \ Single (φ3(σ )) .

e write the elements in A(σ ) and B(σ ) in increasing order. If σ (j) is the kth element of A(σ ),
hen let φ3(σ )(j) be the kth element of B(σ ). It is clear that φ3(σ ) has at least one singleton. See
xample 5.10 for instance. Along the same lines, one can define the inverse of φ3. It should be noted
hat the order-preserving bijection φ3 does not change the number of excedances.

In conclusion, we have∑
σ∈D̃B

n,i

xexc (σ )
=

∑
σ∈D̃B,1

n,i

xexc (σ )
+

∑
σ∈D̃B,2

n,i

xexc (σ )
+

∑
σ∈D̃B,3

n,i

xexc (σ )

=

∑
σ∈D̃B

n−1,i−1

xexc (σ )
+

∑
σ∈D̃B

n,i−1

xexc (σ ),

hich leads to the desired result. □

xample 5.9. Let σ = (1, 4, 3, 9, 8)(2, 5)(6, 7) ∈ D̃B,2
9,4 . Then φ2(σ ) = (2, 5, 4, 9, 8)(3, 6)(1, 7).

Example 5.10. Let σ = (1, 4, 3, 9, 8)(2, 5)(6)(7) ∈ D̃B,3
9,4 . Then

Single (σ ) = {6, 7}, Single (φ3(σ )) = {7, 8}.

oreover, A(σ ) = {9, 8, 1, 2, 3, 4, 5}, B(σ ) = {9, 1, 2, 3, 4, 5, 6}. Then the order-preserving
bijection between A(σ ) and B(σ ) can be illustrated by the following array:(

9 8 1 2 3 4 5
9 1 2 3 4 5 6

)
.

herefore, φ3(σ ) = (2, 5, 4, 9, 1)(3, 6)(7)(8).

We can now conclude the following result.
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Theorem 5.11. We have

dBn(x, p) =

∑
σ∈DB

n

xexc (σ )pneg (σ )
=

n∑
i=0

(
n
i

)
pi

i∑
j=0

(
i
j

)
dn−j(x).

In particular,

dBn(x) =

n∑
i=0

(
n
i

) i∑
j=0

(
i
j

)
dn−j(x).

Proof. Iterating the formula dBn,i(x) = dBn,i−1(x) + dBn−1,i−1(x) leads to

dBn,i =

i∑
j=0

(
i
j

)
dn−j(x) for any 0 ⩽ i ⩽ n.

In particular, dBn,1(x) = dBn,0(x) + dBn−1,0(x) = dn(x) + dn−1(x).
For 1 ⩽ i ⩽ n, let DB

n,i be the set of type B derangements in DB
n with the restriction that the set of

negative entries of each derangement is {j1, j2, . . . , ji}, where {j1, j2, . . . , ji} is a subset of [n] with
elements and jℓ = −jℓ for ℓ ∈ [i]. Let d

B
n,i(x) be the derangement polynomials over DB

n,i. In other
words,

d
B
n,i(x) =

∑
σ∈DB

n,i

xexc (σ ).

There is an order-preserving bijection φ4 : DB
n,i ↦→ D̃B

n,i. Define

C(σ ) = {j1, j2, . . . , ji} ∪ ([n] \ {j1, j2, . . . , ji}) ,

D(σ ) = {n, n − 1, . . . , n − i + 1} ∪ {1, 2, . . . , n − i}.

e write the elements in C(σ ) and D(σ ) in increasing order. If σ (j) is the kth element of C(σ ), then
et φ4(σ )(j) be the kth element of D(σ ). See Example 5.12 for an illustration. Along the same lines,
ne can define the inverse of φ4. Clearly, the order-preserving bijection φ4 does not change the
umber of excedances. Thus d

B
n,i(x) = dBn,i(x), which yields that

dBn(x, p) =

n∑
i=0

(
n
i

)
dBn,i(x)p

i
=

n∑
i=0

(
n
i

)
pi

i∑
j=0

(
i
j

)
dn−j(x),

here the first equality follows by choosing i negative entries. □

Example 5.12. Let σ = (1, 4, 3, 9, 8)(2, 5)(6)(7) ∈ DB
9,4. We have

C(σ ) = {7, 6, 5, 3, 1, 2, 4, 8, 9},

D(σ ) = {9, 8, 7, 6, 1, 2, 3, 4, 5}.

he order-preserving bijection between A(σ ) and B(σ ) can be illustrated by the following array:(
7 6 5 3 1 2 4 8 9
9 8 7 6 1 2 3 4 5

)
.

Thus φ4(σ ) = (1, 3, 6, 5, 4)(2, 7)(8)(9).

The type D Coxeter group SD
n is the subgroup of SB

n consisting of signed permutations with an
even number of negative entries. Let DD

= {σ ∈ SD
: fix (σ ) = 0} be the set of all derangements in
n n
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SD
n . The derangement polynomials of type D are defined by

dDn (x) =

∑
σ∈DD

n

xexc (σ ).

Using Theorem 5.11, we get

dBn(x, p) =

⌊n/2⌋∑
i=0

(
n
2i

)
p2i

2i∑
j=0

(
2i
j

)
dn−j(x) +

⌊(n−1)/2⌋∑
i=0

(
n

2i + 1

)
p2i+1

2i+1∑
j=0

(
2i + 1

j

)
dn−j(x).

Since the parameter p marks negative entries, we get the following result.

Theorem 5.13. For any n ⩾ 1, one has

dDn (x) =

⌊n/2⌋∑
i=0

(
n
2i

) 2i∑
j=0

(
2i
j

)
dn−j(x).

6. The flag excedance statistic of signed permutations

We say that i ∈ [n] is an index of type A excedance if σ (i) > i. For σ ∈ SB
n , we let

excA(σ ) = #{i ∈ [n] : σ (i) > i}, neg (σ ) = #{|σ (i)| ∈ [n] : σ (i) < 0},

fix (σ ) = #{i ∈ [n] : σ (i) = i}, single (σ ) = #{i ∈ [n] : σ (i) = i},
fexc (σ ) = 2exc A(σ ) + neg (σ ), aexcA(σ ) = n − excA(σ ) − fix (σ ) − single (σ ).

xample 6.1. The cycle decomposition of σ = 2 5 1 3 4 6 8 7 9 is (1, 2, 5, 4, 3)(6)(7, 8)(9). Moreover,

excA(σ ) = #{1, 7} = 2, neg (σ ) = #{5, 6} = 2, fexc (σ ) = 6, single (σ ) = fix (σ ) = 1.

The flag excedance statistic fexc has been extensively studied by Bagno–Garber [5], Foata–
Han [25], Mongelli [45], Shin–Zeng [51] and Zhuang [55]. In particular, Mongelli [45, Section 3]
found the following two formulas:∑

σ∈SB
n

x2 excA(σ )pneg (σ )
= (1 + p)nAn

(
x2 + p
1 + p

)
, (48)

∑
σ∈DB

n

x2 excA(σ )pneg (σ )
=

n∑
k=0

(
n
k

)
(1 + p)kpn−kdk

(
x2 + p
1 + p

)
. (49)

Setting p = x in (48) leads to a classical formula (see [1,25] for instance):∑
σ∈SB

n

xfexc (σ )
= (1 + x)nAn(x).

The flag derangement polynomials are defined by

DB
n(x) =

∑
σ∈DB

n

xfexc (σ ).

It follows from (49) that

DB
n(x) =

∑
σ∈DB

n

x2 excA(σ )xneg (σ )
=

n∑
k=0

(
n
k

)
(1 + x)kxn−kdk(x).

Using the above expansion, Mongelli [45, Proposition 3.5] proved the symmetry of DB
n(x). Subse-

quently, Shin–Zeng [51, Corollary 5] proved that the polynomials DB(x) are γ -positive.
n
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Let

B(A)
n (x, y, s, t, p, q) =

∑
σ∈SB

n

xexcA(σ )yaexcA(σ )ssingle (σ )t fix (σ )pneg (σ )qcyc (σ ).

ow we give the main result of this section.

heorem 6.2. One has

B(A)
n (x, y, s, t, p, q) =

∑
π∈Sn

(x + py)exc (π )(y + py)drop (π )(t + sp)fix (π )qcyc (σ ). (50)

roof. We claim that if

G6 = {I → Iq(t + sp), t → y(x + py), s → y(x + py), x → y(x + py), y → y(x + py)},

hen

Dn
G6 (I) = I

∑
σ∈SB

n

xexcA(σ )yaexcA(σ )ssingle (σ )t fix (σ )pneg (σ )qcyc (σ ). (51)

et σ ∈ SB
n . We introduce a grammatical labeling of σ as follows:

(L1) put a subscript label p right after every negative element of σ ;
(L2) if i is a fixed point, then put a superscript label t right after i, i.e., (it );
(L3) if i is a singleton, then put a superscript label s right after i, i.e., (i

s
);

(L4) if σ (i) > i, then put a superscript label x just before σ (i);
(L5) if σ (i) < i, then put a superscript label y right after i or i;
(L6) put a subscript label q right after each cycle;
(L7) put a superscript label I right after σ .

or example, if σ = (1, 2, 5, 4, 3)(6)(7, 8)(9, 10)(11, 12)(13), then the grammatical labeling of σ is
iven as follows:

(1x2y5
y
p4

y3y)q(6
s
p)q(7

x8y)q(9y10
y
p)q(11

x
p12

y)q(13t )Iq.

he weight of σ is given by IxexcA(σ )yaexcA(σ )ssingle (σ )t fix (σ )pneg (σ )qcyc (σ ). Every permutation in SB
n can

be obtained from a permutation in SB
n−1 by inserting n or n. For n = 1, we have SB

1 = {(1t )Iq, (1
s
p)

I
q}.

Note that DG6 (I) = Iq(t + sp). Then the sum of weights of the elements in SB
1 is given by DG6 (I).

Hence the claim holds for n = 1.
We proceed by induction on n. Suppose that we get all labeled permutations in SB

n−1, where
n ⩾ 2. Let σ̃ be obtained from σ ∈ SB

n−1 by inserting n or n. When the inserted n or n forms a
ew cycle, the insertion corresponds to the substitution rule I → Iq(t + sp). Now we insert n or n
ight after σ (i). If i is a fixed point or a singleton of σ , then the changes of labeling are respectively
llustrated as follows:

· · · (it )q · · · → · · · (ixny)q · · · , · · · (it )q · · · → · · · (iyny
p)q · · · ,

· · · (i
s
p)q · · · → · · · (i

x
pn

y)q · · · , · · · (i
s
p)q · · · → · · · (i

y
pn

y
p)q · · · .

If i is an excedance of type A, then the changes of labeling are respectively illustrated as follows:

· · · (· · · σ (i)xσ (|σ (i)|) · · ·)q · · · → · · · (· · · σ (i)xnyσ (|σ (i)|) · · ·)q · · · ,

· · · (· · · σ (i)xσ (|σ (i)|) · · ·)q · · · → · · · (· · · σ (i)yny
pσ (|σ (i)|) · · ·)q · · · .

he same argument applies to the case when the new element is inserted right after an element
abeled by y. In each case, the insertion of n or n corresponds to one substitution rule in G .
6
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w

I

C

Therefore, the action of DG6 on the set of weighted signed permutations in SB
n−1 gives the set of

eighted signed permutations in SB
n , and so (51) holds.

For the grammar G6, setting A = t + sp, B = x + py and C = (1 + p)y, we get

DG6 (I) = IqA, DG6 (A) = BC, DG6 (B) = BC, DG6 (C) = BC .

Let G7 = {I → IqA, A → BC, B → BC, C → BC}. It follows from Lemma 3.12 that

Dn
G7 (I) = I

∑
π∈Sn

Afix (π )Bexc (π )Cdrop (π )qcyc (π ). (52)

Then upon substituting A = t + sp, B = x + py and C = (1 + p)y in (52), we get (50). □

Comparing Proposition 3.11 with Theorem 6.2, we get

B(A)
n (x, y, s, t, p, q) = (1 + p)nynAn

(
x + py
y + py

,
t + sp
y + py

, q
)

. (53)

t follows from (10) and (53) that
∞∑
n=0

B(A)
n (x, y, s, t, p, q)

zn

n!
=

(
(y − x)e(t+sp)z

(1 + p)ye(x+py)z − (x + py)e(1+p)yz

)q

. (54)

Note that

B(A)
n (x2, 1, 1, 0, px, q) =

∑
σ∈DB

n

xfexc (σ )pneg (σ )qcyc (σ ).

It follows from (54) that
∞∑
n=0

B(A)
n (x2, 1, 1, 0, px, q)

zn

n!
=

(
(1 − x2)epxz

(1 + px)e(x2+px)z − (x2 + px)e(1+px)z

)q

.

In the sequel, we consider the γ -positivity of the following polynomials:

F (fexc ,cyc )
n (x, q) =

∑
σ∈SB

n

xfexc (σ )qcyc (σ ),

D(fexc ,cyc )
n (x, q) =

∑
σ∈DB

n

xfexc (σ )qcyc (σ ),

E(fexc ,neg )
n (x, p) =

∑
σ∈SB

n

xfexc (σ )pneg (σ ).

From (53), we see that

F (fexc ,cyc )
n (x, q) = B(A)

n (x2, 1, 1, 1, x, q) = (1 + x)nAn(x, q) = (1 + x)n
∑
π∈Sn

xexc (π )qcyc (π ).

Using Lemma 2.2 and Theorem 3.6, we get the following corollary.

Corollary 6.3. Let 0 ⩽ q ⩽ 1 be a given real number. Then F (fexc ,cyc )
n (x, q) are bi-γ -positive.

Using (53), we get

D(fexc ,cyc )
n (x, q) = B(A)

n (x2, 1, 1, 0, x, q) = (1 + x)nAn

(
x,

x
1 + x

, q
)

.

ombining this with (2), we obtain

D(fexc ,cyc )
n (x, q) =

∑
xexc (π )xfix (π )(1 + x)n−fix (π )qcyc (π )
π∈Sn
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I

=

n∑
i=0

(
n
i

)
(qx)i(1 + x)n−i

∑
π∈Dn−i

xexc (π )qcyc (π ),

where the second equality follows by choosing i fixed points. Note that

(qx)i(1 + x)n−i
∑

π∈Dn−i

xexc (π )qcyc (π )
= (qx)i(1 + x)n−idn−i(x, q).

Let q > 0 be a given real number. Then (qx)i(1 + x)n−i are γ -positive polynomials for all 0 ⩽ i ⩽ n.
From Proposition 3.2, we see that dn−i(x, q) are also γ -positive. By Lemma 2.2, we find that the
polynomials (qx)i(1+ x)n−idn−i(x, q) are all γ -positive with the same center of symmetry. So we get
the following result, which is a generalization of a result of Shin–Zeng [51, Corollary 5].

Corollary 6.4. Let q > 0 be a given real number. Then D(fexc ,cyc )
n (x, q) are γ -positive.

Using (53), we get

E(fexc ,neg )
n (x, p) = B(A)

n (x2, 1, 1, 1, px, 1) = (1 + px)nAn

(
x2 + px
1 + px

)
. (55)

n particular, E(fexc ,neg )
n (x, −1) = (1 − x)nAn(−x). We can now present the following result.

Theorem 6.5. Let p ⩾ 1 be a given real number. Then E(fexc ,neg )
n (x, p) are bi-γ -positive.

Proof. For n ⩾ 1, combining (55) and Proposition 3.1, we obtain

E(fexc ,neg )
n (x, p) = (1 + xp)̃En(x, p) = (1 + x)̃En(x, p) + (p − 1)x̃En(x, p),

where

Ẽn(x, p) =

⌊(n−1)/2⌋∑
i=0

γn,i(x2 + px)i(1 + px)i(1 + 2px + x2)n−1−2i.

Note that (x2 +px)(1+px) = x(p(1+ x)2 + (p−1)2x), 1+2px+ x2 = (1+ x)2 +2(p−1)x. Therefore,
we get

Ẽn(x, p) =

⌊(n−1)/2⌋∑
i=0

γn,ixi[p(1 + x)2 + (p − 1)2x]i[(1 + x)2 + 2(p − 1)x]n−1−2i,

where γn,i ⩾ 0 for all 0 ⩽ i ⩽ ⌊(n − 1)/2⌋ and p ⩾ 1. By using Lemma 2.2, we find that for
0 ⩽ i ⩽ ⌊(n − 1)/2⌋, the polynomials γn,ixi[p(1 + x)2 + (p − 1)2x]i[(1 + x)2 + 2(p − 1)x]n−1−2i are all
γ -positive with the same center of symmetry, and so Ẽn(x, p) is γ -positive, which yields the desired
result. □

7. Excedance-type polynomials of colored permutations

7.1. Preliminary

Let r be a fixed positive integer. An r-colored permutation of length n can be written as π c , where
π = π1π2 · · · πn ∈ Sn and c = (c1, c2, . . . , cn) ∈ [0, r − 1]n, i.e., ci is a nonnegative integer in the
interval [0, r − 1] for any i ∈ [n]. As usual, π c can be denoted as π

c1
1 π

c2
2 · · · π

cn
n , where ci can be

thought of as the color assigned to πi. Denote by Zr ≀ Sn the set of all r-colored permutations of
length n. The wreath product Zr ≀ Sn could be considered as the colored permutation group Gr,n
consists of all permutations of the alphabet Σ of rn letters:

Σ = {1, 2, . . . , n, 1, . . . , n, . . . , 1[r−1], . . . , n[r−1]
}
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satisfying π (i) = π (i). In particular, Z1 ≀Sn = Sn and Z2 ≀Sn = SB
n . Following Steingrímsson [54], for

1 ⩽ i ⩽ n, an index i is an excedance of π c if i <f πi, where we use the order <f of Σ:

1 <f 1 <f · · · <f 1[r−1] <f 2 <f 2 <f · · · <f 2[r−1] <f · · · <f n <f n <f · · · <f n[r−1]. (56)

Let exc (π c) be the number of excedances of π c . A fixed point of π c
∈ Zr ≀Sn is an entry π

ck
k such

that πk = k and ck = 0. An element π c
∈ Zr ≀Sn is called a derangement if it has no fixed points. Let

Dn,r be the set of derangements in Zr ≀ Sn. The q-colored derangement polynomials are defined by

dn,r (x, q) =

∑
πc∈Dn,r

xexc (π
c )qcyc (π

c ).

Let dn,r (x) := dn,r (x, 1) be the colored derangement polynomials. According to [23, Theorem 5],
∞∑
n=0

dn,r (x)
zn

n!
=

(1 − x)e(r−1)xz

erxz − xerz
.

There has been much work on the polynomials dn,r (x), see [23,29,51] for instance. By using the
theory of Rees products of posets, Athanasiadis [2, Theorem 1.3] obtained the following result.

Theorem 7.1 ([2, Theorem 1.3]). We have dn,r (x) = d+
n,r (x) + d−

n,r (x), where

d+

n,r (x) =

⌊n/2⌋∑
i=0

β+

n,r,ix
i(1 + x)n−2i, d−

n,r (x) =

⌊(n+1)/2⌋∑
i=0

β−

n,r,ix
i(1 + x)n+1−2i.

The reader is referred to [2, Theorem 1.3], [29, Theorem 4.6] and [32, Proposition 1.5] for various
combinatorial interpretations of d+

n,r (x) and d−
n,r (x). Recently, by defining the modified Foata–Strehl

action on colored permutations, Han [32] gave a combinatorial proof of [2, Theorem 1.3]. Moreover,
Brändén–Solus [10, Corollary 3.9] and Gustafsson–Solus [29, Theorem 5.1] showed that both d+

n,r (x)
and d−

n,r (x) have only real zeros.
Following Steingrímsson [54], the r-colored Eulerian polynomials are defined by

An,r (x) =

∑
πc∈Zr ≀Sn

xexc (π
c ),

which satisfy the recurrence relation

An,r (x) = (1 + (rn − 1)x)An−1,r (x) + rx(1 − x)
d
dx

An,r (x), A0,r (x) = 1. (57)

Let An,r (x) =
∑n

k=0 Ar (n, k)xk. Equating the coefficient of xk in both sides of (57), one can derive that

Ar (n, k) = (rk + 1)Ar (n − 1, k) + (r(n − k) + r − 1)Ar (n − 1, k − 1), (58)

with Ar (0, k) = δ0,k (see [54, Lemma 16]). According to [54, Theorem 20], we have
∞∑
n=0

An,r (x)
zn

n!
=

(1 − x)ez(1−x)

1 − xerz(1−x) . (59)

When r = 1 and r = 2, the polynomial An,r (x) reduces to the types A and B Eulerian polynomials
An(x) and Bn(x), respectively. Comparing (10) with (59), one can see that

An,r (x) = rnAn

(
x,

1 + (r − 1)x
r

, 1
)

,

since it follows from (10) that
∞∑

rnAn

(
x,

1 + (r − 1)x
r

, 1
)

zn

n!
=

(1 − x)ez(1−x)erxz

erxz − xerz
=

(1 − x)ez(1−x)

1 − xerz(1−x) .
n=0
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R

p

Following [29, Corollary 4.4], we have

dn,r (x) =

n∑
i=0

(−1)n−i
(
n
i

)
Ai,r(x).

ecently, Athanasiadis [4, Eq. (21)] considered the following expansion:

An,r (x) = A+

n,r (x) + A−

n,r (x), (60)

where

A+

n,r (x) =

n∑
k=0

(
n
k

)
d+

k,r (x), A−

n,r (x) =

n∑
k=0

(
n
k

)
d−

k,r (x).

7.2. An equivalent result to Theorem 3.6

In [23, Proposition 4], Chow and Mansour found that

dn,r (x) =

∑
π∈Sn

xwexc (π )(r − 1)fix (π )rn−fix (π ),

where wexc (π ) = #{i ∈ [n] : π (i) ⩾ i} is the number of weak excedances of π . Note that
wexc (π ) = exc (π )+ fix (π ). Along the same lines of its proof of [23, Proposition 4], one can derive
that

dn,r (x, q) =

∑
π∈Sn

xwexc (π )(r − 1)fix (π )rn−fix (π )qcyc (π ). (61)

Define

an(x, p, q) = An(x, xp, q) =

∑
π∈Sn

xwexc (π )pfix (π )qcyc (π ).

In particular,

an(x, 1, q) =

∑
π∈Sn

xwexc (π )qcyc (π ).

Let π−1 be the inverse of π . The bijection π → π−1 on Sn shows that (exc , fix , cyc ) is equidis-
tributed with (drop , fix , cyc ). Thus (wexc , fix , cyc ) is equidistributed with (n − exc , fix , cyc ).
Therefore, we get

an(x, p, q) = xnAn

(
1
x
, p, q

)
.

It should be noted that if p > 0 and q > 0, then deg an(x, p, q) = n. Moreover, an(0, p, q) = 0 and
the coefficient of the highest degree term of an(x, p, q) is pnqn, which corresponds to the identity
permutation 12 · · · n. So we have an(0, p, q) < pnqn when p > 0 and q > 0. Therefore, an equivalent
result to Theorem 3.6 is given as follows.

Theorem 7.2. Let p ∈ [0, 1] and q ∈ [0, 1] be two given real numbers. The polynomials an(x, 1, q) are
bi-γ -positive and the polynomials an(x, p, q) are alternatingly increasing for n ⩾ 1.

By (61), we see that

dn,r (x, q) = rnan

(
x,

r − 1
r

, q
)

.

So a special case of Theorem 7.2 is given as follows.

Corollary 7.3. Let q ∈ [0, 1] be a given real number and let r be a fixed positive integer. Then the
olynomials d (x, q) are alternatingly increasing for n ⩾ 1.
n,r
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7.3. The bi-γ -positivity of colored Eulerian polynomials

In order to deduce the recurrence system of the bi-γ -coefficients of An,r (x), we now give a
grammatical description of Ar (n, k), which gives an extension of Proposition 3.10.

Lemma 7.4. If G8 = {u → uvr , v → urv}, then we have

Dn
G8 (u

r−1v) = ur−1v

n∑
k=0

Ar (n, k)u(n−k)rvkr . (62)

Proof. Note that D0
G8
(ur−1v) = ur−1v and DG8 (u

r−1v) = ur−1v(ur
+(r−1)vr ). Assume that the result

holds for n = m, where m ⩾ 1. Then

Dm+1
G8

(ur−1v)

= DG8

(
Dm
G8 (u

r−1v)
)

= DG8

(
ur−1v

m∑
k=0

Ar (m, k)u(m−k)rvkr

)

= ur−1v

m∑
k=0

Ar (m, k)((mr − kr + r − 1)u(m−k)rv(k+1)r
+ (kr + 1)u(m−k+1)rvkr ).

Extracting the coefficient ur−1vu(m−k+1)rvkr in the last expression, we get

(rk + 1)Ar (m, k) + (r(m + 1 − k) + r − 1)Ar (m, k − 1).

Comparing the above expression of coefficients with (58), we see that Dm+1
G8

(ur−1v) can be written
as follows:

Dm+1
G8

(ur−1v) = ur−1v

m+1∑
k=0

Ar (m + 1, k)u(m−k+1)rvkr .

Hence the result holds for n = m + 1. This completes the proof. □

Recall that An,1(x) = An(x) and An,2(x) = Bn(x), which are both γ -positive polynomials. We can
now present the following result.

Theorem 7.5. Let r ⩾ 2 be a given real number. For n ⩾ 1, we have

An,r (x) =

⌊n/2⌋∑
k=0

α+

n,k;rx
k(1 + x)n−2k

+ x
⌊(n−1)/2⌋∑

k=0

α−

n,k;rx
k(1 + x)n−1−2k, (63)

where the coefficients α+

n,k;r and α−

n,k;r satisfy the recurrence system{
α+

n+1,k;r = (1 + rk)α+

n,k;r + 2r(n − 2k + 2)α+

n,k−1;r + 2α−

n,k−1;r ,

α−

n+1,k;r = (r − 2)α+

n,k;r + (r − 1 + rk)α−

n,k;r + 2r(n − 2k + 1)α−

n,k−1;r ,

with the initial conditions α+

1,0;r = 1, α−

1,0;r = r − 2, α+

1,k;r = α−

1,k;r = 0 for k ̸= 0. So the polynomials
An,r (x) are bi-γ -positive.

Proof. Consider a change of the grammar given in Lemma 7.4. Note that

DG8 (u
rvr ) = rurvr (ur

+ vr ), DG8 (u
r
+ vr ) = 2rurvr ,

DG8 (u
r−1v) = (r − 1)ur−1vr+1

+ u2r−1v = (r − 2)ur−1vr+1
+ ur−1v(ur

+ vr ),

DG8 (u
r−1vr+1) = (r − 1)ur−1vr+1(ur

+ vr ) + 2ur−1v(urvr ).
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B

Setting a = urvr , b = ur
+ vr , c = ur−1vr+1 and I = ur−1v, we obtain

DG8 (a) = rab, DG8 (b) = 2ra,

DG8 (c) = (r − 1)bc + 2Ia, DG8 (I) = (r − 2)c + Ib.

It should be noted that

c = Ivr . (64)

Consider the grammar

G9 = {I → Ib + (r − 2)c, a → rab, b → 2ra, c → (r − 1)bc + 2Ia}.

y induction, it is routine to check that there exist nonnegative integers such that

Dn
G9 (I) =

⌊n/2⌋∑
k=0

α+

n,k;ra
kbn−2kI +

⌊(n−1)/2⌋∑
k=0

α−

n,k;ra
kbn−1−2kc. (65)

In particular, DG9 (I) = Ib + (r − 2)c, D2
G9
(I) = (4(r − 1)a + b2)I + r(r − 2)bc. We proceed to the

inductive step. Note that

Dn+1
G9

(I) =

∑
k

α+

n,k;rb
n−1−2k((1 + rk)akb2I + 2r(n − 2k)ak+1I + (r − 2)akbc)+∑

k

α−

n,k;rb
n−2−2k((r − 1 + rk)akb2c + 2r(n − 1 − 2k)ak+1c + 2ak+1bI).

Extracting coefficients of akbn+1−2kI and akbn−2kc on both sides and simplifying yields the desired
recurrence system. Setting ur

= 1 and vr
= x, we have a = x, b = 1 + x. Moreover, it follows

from (64) that c = Ix. Comparing (62) with (65), we get (63). □

It should be noted that the bi-γ -positivity of An,r (x) follows already from the result of Branden–
Solus [10, Theorem 3.1] that these polynomials have real-rooted symmetric decompositions. The
recurrence system of the bi-γ -coefficients of An,r (x) is deduced by the change of grammar method.
It would be interesting to further study this recurrence system.

In the sequel, we give an application of Theorem 7.5. Following Brenti [13, Eq. (10)], the
q-Eulerian polynomials type B are defined by

Bn(x, q) =

∑
π∈SB

n

xdesB(π )qneg (σ ).

When q = 1, the polynomial Bn(x, q) is reduced to Bn(x). The polynomials Bn(x, q) satisfy the
recurrence relation

Bn(x, q) = (1 + (1 + q)nx − x)Bn−1(x, q) + (1 + q)(x − x2)
∂

∂x
Bn−1(x, q), B0(x, q) = 1.

The exponential generating function of Bn(x, q) is given as follows (see [13, Theorem 3.4]):
∞∑
n=0

Bn(x, q)
zn

n!
=

(1 − x)ez(1−x)

1 − xez(1−x)(1+q) . (66)

Comparing (59) with (66), we see that An,q+1(x) = Bn(x, q). As a special case of Theorem 7.5, we
have the following result.

Corollary 7.6. Let q ⩾ 1 be a given real number. Then B (x, q) are bi-γ -positive.
n
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C
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N
D
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n
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F

I
o
p

T

P

7.4. Two multivariate colored Eulerian polynomials

Let π c
∈ Zr ≀ Sn. Recall that exc (π c) = #{i ∈ [n] : i <f πi}. We define

aexc (π c) = #{i ∈ [n] : πi <f i}, fix (π c) = #{i ∈ [n] : πi = i and ci = 0}.

onsider the following multivariate colored Eulerian polynomials:

An,r (x, y, p, q) =

∑
πc∈Zr ≀Sn

xexc (π
c )yaexc (π

c )pfix (π
c )qcyc (π

c ).

learly, An,1(x, 1, p, q) = An(x, p, q), An,r (x, 1, 1, 1) = An,r (x) and An,r (x, 1, 0, q) = dn,r (x, q).

Lemma 7.7. If G10 = {I → qI ((r − 1)x + p) , x → rxy, y → rxy, p → rxy}, then

Dn
G10 (I) = I

∑
πc∈Zr ≀Sn

xexc (π
c )yaexc (π

c )pfix (π
c )qcyc (π

c ). (67)

Proof. We now introduce a grammatical labeling of π c
∈ Zr ≀ Sn as follows:

(L1) if i <f πi, then we label π
ci
i by a subscript label x;

(L2) if πi <f i, then we label π
ci
i by a subscript label y;

(L3) if πi = i and ci = 0, then we label i by a subscript label p;
(L4) put a subscript label I right after π c , and put a superscript label q right after each cycle.

Note that the weight of π c is given by

w(π c) = Ixexc (π
c )yaexc (π

c )pfix (π
c )qcyc (π

c ).

For n = 1, we have

Zr ≀ S1 = {(1p)
q
I , (1x)

q
I , (1

[2]
x )qI , . . . , (1

[r−1]
x)

q
I }.

ote that DG10 (I) = qI((r − 1)x + p). Then the sum of weights of the elements in Zr ≀ S1 is given by
G10 (I). Hence the result holds for n = 1. We proceed by induction on n. Suppose we get all labeled
ermutations in π c

∈ Zr ≀ Sn−1, where n ⩾ 2. Let π̂ c be obtained from π c
∈ Zr ≀ Sn−1 by inserting

cj , where 0 ⩽ cj ⩽ r − 1 is a nonnegative integer. When the inserted ncj forms a new cycle, the
nsertion corresponds to the substitution rule I → qI((r − 1)x + p) since we have r choices for cj.
or the other cases, the changes of labeling are illustrated as follows:

· · · (· · · π ci
i xπ

ci+1
i+1 · · ·) · · · ↦→ · · · (· · · π ci

i xn
cj yπ

ci+1
i+1 · · ·) · · · ;

· · · (· · · π ci
i yπ

ci+1
i+1 · · ·) · · · ↦→ · · · (· · · π ci

i xn
cj yπ

ci+1
i+1 · · ·) · · · ;

· · · (ip) · · · ↦→ · · · (ixncj y) · · · .

n each case, the insertion of ncj corresponds to one substitution rule in G10. Therefore, the action
f DG10 on the set of weighted colored permutations in Zr ≀ Sn−1 gives the set of weighted colored
ermutations in Zr ≀ Sn. This completes the proof. □

Now we present the following result.

heorem 7.8. One has

An,r (x, y, p, q) =

∑
π∈Sn

(rx)exc (π )(ry)drop (π )((r − 1)x + p)fix (π )qcyc (π ).

roof. Let G10 be the grammar given in Lemma 7.7. Setting a = (r − 1)x + p, b = rx and c = ry,
we get DG10 (I) = qIa, DG10 (a) = bc, DG10 (b) = bc, DG10 (c) = bc. Let

G = {I → qIa, a → bc, b → bc, c → bc}.
11
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t

L
t

It follows from Lemma 3.12 that

Dn
G11 (I) = I

∑
π∈Sn

bexc (π )cdrop (π )afix (π )qcyc (π ). (68)

Then upon substituting a = (r − 1)x + p, b = rx and c = ry in (68), we get the desired result. □

Comparing Proposition 3.11 with Theorem 7.8, we get

An,r (x, y, p, q) = (ry)nAn

(
x
y
,
(r − 1)x + p

ry
, q
)

. (69)

It follows from (69) that

An,r (x, 1, x, q) = rnAn (x, x, q) = rn
∑
π∈Sn

xwexc (π )qcyc (π ).

From Theorem 7.2, we see that the polynomials

An (x, x, q) =

∑
π∈Sn

xwexc (π )qcyc (π )

are bi-γ -positive, where q ∈ [0, 1] is a given real number. So we have the following result.

Corollary 7.9. Let q ∈ [0, 1] be a given real number. Then An,r (x, 1, x, q) are bi-γ -positive.

In the sequel, we give a unified generalization of Theorems 5.2 and 7.8. As usual, set [0]p = 0.
For any positive integer n, let

[n]p = 1 + p + · · · + pn−1.

Let π c
∈ Zr ≀ Sn. A singleton of π c is an index i ∈ [n] such that πi = i and ci > 0. We define

single (π c) = #{i ∈ [n] : πi = i and ci > 0},
excB(π c) = #{i ∈ [n] : i <f πi and πi ̸= i}.

It is clear that exc (π c) = excB(π c) + single (π c). Let csum (π c) =
∑n

i=1 ci. Consider the following
multivariate colored Eulerian polynomials:

An,r (x, y, s, t, p, q) =

∑
πc∈Zr ≀Sn

xexcB(π
c )yaexc (π

c )ssingle (π
c )t fix (π

c )pcsum (πc )qcyc (π
c ).

As a refinement of the grammatical labeling given in the proof of Lemma 7.7, we give another
grammatical labeling of π c

∈ Zr ≀ Sn as follows:

(L1) if i <f πi and πi ̸= i, then we label π
ci
i by a subscript label x;

(L2) if πi <f i, then we label π
ci
i by a subscript label y;

(L3) if πi = i and ci = 0, then we put a subscript label t just before i;
(L4) if πi = i and ci > 0, then we put a subscript label s just before π

ci
i ;

(L5) put a subscript label pci right after each element π
ci
i of π c ;

(L6) put a subscript label I right after π c , and put a superscript label q right after each cycle.

Then the weight of π c is given by

w(π c) = IxexcB(π
c )yaexc (π

c )ssingle (π
c )t fix (π

c )pcsum (πc )qcyc (π
c ).

For n = 1, we have Zr ≀ S1 = {(t1p0 )
q
I , (s1p)

q
I , (s1

[2]
p2
)qI , . . . , (s1

[r−1]
pr−1 )qI }. The general case follows by

he same argument as the proof of Lemma 7.7 and we omit its proof for simplicity.

emma 7.10. If G12 = {I → qI
(
t + sp[r − 1]p

)
, x → [r]pxy, y → [r]pxy, t → [r]pxy, s → [r]pxy},

hen

Dn
G12 (I) = I

∑
xexcB(π

c )yaexc (π
c )ssingle (π

c )t fix (π
c )pcsum (πc )qcyc (π

c ). (70)

πc∈Zr ≀Sn
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Theorem 7.11. We have

An,r (x, y, s, t, p, q) = [r]npy
nAn

(
x
y
,
t + sp[r − 1]p

[r]py
, q
)

.

n particular,

An,r (x, 1, x, t, p, q) =

∑
πc∈Zr ≀Sn

xexc (π
c )t fix (π

c )pcsum (πc )qcyc (π
c )

= [r]npAn

(
x,

t + xp[r − 1]p
[r]p

, q
)

.

roof. Let G12 be the grammar given in Lemma 7.10. Setting a1 = t + sp[r − 1]p, a2 = [r]px, a3 =

r]py, we get

DG12 (a1) = a2a3, DG12 (a2) = a2a3, DG12 (a3) = a2a3.

et G13 = {I → qIa1, a1 → a2a3, a2 → a2a3, a3 → a2a3}. Then by Lemma 3.12 and Proposition 3.11,

Dn
G13 (I) = I

∑
π∈Sn

afix (π )
1 aexc (π )

2 adrop (π )
3 qcyc (π )

= Ian3An

(
a2
a3

,
a1
a3

, q
)

.

hen upon substituting a1 = t + sp[r − 1]p, a2 = [r]px and a3 = [r]py in the above expression, we
et the desired result. □

Note that 1 + p[r − 1]p = [r]p. From Theorem 7.11, we see that

An,r (x, 1, x, x, p, q) = [r]npAn

(
x,

x + xp[r − 1]p
[r]p

, q
)

= [r]npAn (x, x, q) .

o we have the following result.

orollary 7.12. Let wexc (π c) = exc (π c) + fix (π c). We have∑
πc∈Zr ≀Sn

xwexc (πc )pcsum (πc )qcyc (π
c )

= [r]np
∑
π∈Sn

xwexc (π )qcyc (π ).

.5. Another multivariate colored Eulerian polynomials

Let π c
= π

c1
1 π

c2
2 · · · π

cn
n ∈ Zr ≀ Sn. Following [2,4,5,51], we define

excA(π c) = #{i ∈ [n] : i <c πi and ci = 0}, aexcA(π c) = #{i ∈ [n] : πi<c i},
fix (π c) = #{i ∈ [n] : πi = i and ci = 0}, single (π c) = #{i ∈ [n] : πi = i and ci > 0},

csum (π c) =

n∑
i=1

ci, fexc (π c) = r · excA(π c) + csum (π c),

here the comparison is with respect to the order <c of Σ:

1[r−1] <c 2[r−1] <c · · · <c n[r−1] <c · · · <c 1 <c 2 <c · · · <c n <c 1 <c 2 <c · · · <c n.

Consider the following polynomials

A(r)
n (x, y, s, t, p, q) =

∑
πc∈Zr ≀Sn

xexcA(π
c )yaexcA(π

c )ssingle (π
c )t fix (π

c )pcsum (πc )qcyc (π
c ).

or 1 ⩽ i ⩽ n, we introduce a grammatical labeling of π c as follows:

(L1) put a subscript label pci right after each element π
ci
i of π c ;

(L2) if πi = i and ci = 0, then put a superscript label t right after i;
(L3) if πi = i and ci > 0, then put a superscript label s right after π

ci
i ;

(L ) if i < π and c = 0, then put a superscript label x just before π ;
4 c i i i
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(L5) if πi <c i, then put a superscript label y just before πi;
(L6) put a subscript label I right after π c and put a superscript label q right after each cycle.

n particular, the grammatical labeling of elements in Zr ≀ S1 are illustrated as follows:

Zr ≀ S1 = {(1t
p0 )

q
I , (1

s
p)

q

I
, (1[2]s

p2 )
q
I , . . . , (1

[r−1]s
pr−1 )qI }.

e now provide an example to illustrate the above grammatical labeling.

xample 7.13. Let π c
= (1, 4, 5, 2)(3[2]) ∈ Z3 ≀ S5. The grammatical labeling of π c is given below

(1x
p04

y
p0
5
y
p2

y
p0
)q(3[2]s

p2 )
q
I .

Note that ci = 0, 1 or 2. If we insert 6ci into π c as a new cycle, we get the following permutations:

(1x
p04

y
p0
5
y
p2

y
p0
)q(3[2]s

p2 )
q(6t

p0 )
q
I , (1x

p04
y
p0
5
y
p2

y
p0
)q(3[2]s

p2 )
q(6

s
p)

q
I , (1x

p04
y
p0
5
y
p2

y
p0
)q(3[2]s

p2 )
q(6[2]s

p2 )
q
I .

If we insert 6ci right after the element 1, we get the following permutations:

(1x
p06

y
p0
4y
p0
5
y
p2

y
p0
)q(3[2]s

p2 )
q
I , (1y

p0
6
y
p4

y
p0
5
y
p2

y
p0
)q(3[2]s

p2 )
q
I , (1y

p0
6[2]y

p24
y
p0
5
y
p2

y
p0
)q(3[2]s

p2 )
q
I .

If we insert 6ci right after the element 4, we get the following permutations:

(1x
p04

x
p06

y
p0
5
y
p2

y
p0
)q(3[2]s

p2 )
q
I , (1x

p04
y
p0
6
y
p5

y
p2

y
p0
)q(3[2]s

p2 )
q
I , (1x

p04
y
p0
6[2]y

p25
y
p2

y
p0
)q(3[2]s

p2 )
q
I .

As illustrated in Example 7.13, the proof of the following result follows by the same argument
as the proof of Lemma 7.7, and we omit its proof for simplicity.

Lemma 7.14. If G14 = {I → qI
(
t + sp[r − 1]p

)
, t → xy+ p[r −1]py2, s → xy+ p[r −1]py2, x →

y + p[r − 1]py2, y → xy + p[r − 1]py2}, then

Dn
G14 (I) = I

∑
πc∈Zr ≀Sn

xexcA(π
c )yaexcA(π

c )ssingle (π
c )t fix (π

c )pcsum (πc )qcyc (π
c ).

heorem 7.15. One has

A(r)
n (x, y, s, t, p, q) =

∑
π∈Sn

(x + p[r − 1]py)exc (π )([r]py)drop (π )(t + sp[r − 1]p)fix (π )qcyc (σ ).

roof. Let G14 be the grammar given in Lemma 7.14. Consider a change of the grammar G11. Setting
= t + sp[r − 1]p, v = x + p[r − 1]py and w = [r]py, we get

DG14 (I) = qIu, DG14 (u) = vw, DG14 (v) = vw, DG14 (w) = vw.

et G15 = {I → qIu, u → vw, v → vw, w → vw}. It follows from Lemma 3.12 that

Dn
G15 (I) = I

∑
π∈Sn

vexc (π )wdrop (π )ufix (π )qcyc (π ). (71)

pon substituting u = t + sp[r − 1]p, v = x + p[r − 1]py and w = [r]py in (71), we get the desired
esult. □

Comparing Proposition 3.11 with Theorem 7.15, we get

A(r)
n (x, y, s, t, p, q) = [r]npy

nAn

(
x + p[r − 1]py

[r]py
,
t + sp[r − 1]p

[r]py
, q
)

. (72)

ote that

A(r)
n (xr , 1, 1, 1, x, q) =

∑
xfexc (π

c )qcyc (π
c ),
πc∈Zr ≀Sn
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A(r)
n (xr , 1, s, 0, x, q) =

∑
πc∈Dn,r

xfexc (π
c )ssingle (π

c )qcyc (π
c ).

Using (72), we get

A(r)
n (xr , 1, 1, 1, x, q) = [r]nxAn(x, 1, q),

A(r)
n (xr , 1, s, 0, x, q) = [r]nxAn

(
x,

sx[r − 1]x
[r]x

, q
)

. (73)

Note that

An(x, p, q) =

∑
π∈Sn

xexc (π )pfix (π )qcyc (π )

=

n∑
i=0

(
n
i

)
(pq)i

∑
π∈Dn−i

xexc (π )qcyc (π )

=

n∑
i=0

(
n
i

)
(pq)idn−i(x, q).

Combining this with (73), we generalize a result of Shin–Zeng [51, eq. (2.5)].

Corollary 7.16. For n ⩾ 1, one has∑
πc∈Dn,r

xfexc (π
c )ssingle (π

c )qcyc (π
c )

=

n∑
i=0

(
n
i

)
(qsx[r − 1]x)i[r]n−i

x dn−i(x, q).
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